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Abstract

The characterization of the accessstructures of ideal secretsharing schemesis
oneof the main openproblemsin secretsharing. Becauseof its di�cult y, it hasbeen
studied for several particular families of accessstructures. In this paper, we deal
with multipartite accessstructures, in which the set of participants is divided into
several parts and all participants in the samepart play an equivalent role. Some
particular classesof multipartite structures have been studied in seminal works
on secret sharing by Shamir, Simmons, and Brickell, and also recently by several
authors. In this work, the characterization of ideal multipartite accessstructures
is studied with all generality. Actually , every accessstructure is multipartite and,
hence,the results in this paper can be seenas an attack under a di�eren t point of
view to the generalopen of the characterization of ideal accessstructures. Namely,
we present somenecessaryconditions and somesu�cien t conditions for an access
structure to be ideal in terms of the classi�cation of its participants into equivalence
classes.These conditions can be specially useful if the number of classesis small
or theseclassesare distributed in somespecial way. More speci�cally , our results
are the following:

1. We present a characterization of matroid-related multipartite accessstruc-
tures in terms of discrete polymatroids. To do that, we study the relation
betweenmultipartite matroids and discrete polymatroids. As a consequence
of this characterization, a necessarycondition for a multipartite accessstruc-
ture to be ideal is obtained.

2. We use a special class of discrete polymatroids, the linearly representable
ones,to characterize the representable multipartite matroids. In this way we
obtain a su�cien t condition for a multipartite accessstructure to be ideal.

3. We apply those generalresults to obtain a complete characterization of ideal
tripartite accessstructures, which wasuntil now an open problem. In partic-
ular, we prove that the matroid-related tripartite accessstructures coincide
with the ideal ones.
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tures, Multipartite secretsharing, Multipartite matroids, Discrete polymatroids.
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1 In tro duction

Secretsharing schemeswere intro duced independently by Shamir [33] and Blakley [3]
in 1979. In a secret sharing scheme, every participant receives a share of a secret
value. Only the quali�ed sets of participants, which form the accessstructure of the
scheme, can recover the secret value from their shares. This paper deals exclusively
with unconditional ly secure perfect secret sharing schemes,that is, the sharesof the
participants in a non-quali�ed set do not provide any information about the secret
value.

The length of the sharesis the main measureof the complexity of secret sharing
schemes.In all schemes,the length of every shareis at least the length of the secret[17].
If all shareshave the samelength as the secret, the scheme is said to be ideal. There
exists a secretsharing schemefor every accessstructure [15], but, in general,the shares
must be much larger than the secret [12]. An accessstructure is said to be ideal if it
admits an ideal secretsharing scheme.

This paper dealswith the characterization of ideal accessstructures, which is oneof
the main open problems in secretsharing and has important connectionswith matroid
theory.

For a matroid M with ground set Q and a point p0 2 Q, we de�ne the access
structure � p0 (M ) on the set of participants P = Q � f p0g by determining its minimal
quali�ed subsets:

min � p0 (M ) = f A � P : A [ f p0g is a circuit of Mg :

The accessstructures of this form are called matroid-related. If the accessstruc-
ture � p0 (M ) is connected, that is, if every participant is in a minimal quali�ed subset,
then the matroid M is univocally determined by � p0 (M ).

A necessarycondition for an accessstructure to be ideal was given by Brickell
and Davenport [8], who proved that every ideal accessstructure is matroid-related.
Speci�cally , they provedthat every ideal secretsharingschemeon a setP of participants
determinesa matroid M with ground set Q = P [ f p0g such that the accessstructure
of the schemeis � p0 (M ).

Matroids that are obtained from ideal secret sharing schemesare said to be se-
cret sharing representable (or ss-representable for short). Since there exist non-ss-
representable matroids [24, 32], that necessarycondition is not su�cien t. Neverthe-
less, as a consequenceof the results in [7], all linearly representable matroids are ss-
representable. This implies a su�cien t condition for an accessstructure to be ideal.
Namely, an accessstructure is ideal if it is related to a linearly representable matroid.

Due to the di�cult y of �nding generalresults on the characterization of ideal access
structures, a number of works, which we enumerate later, have appeareddealing with
the restriction of this open problem to several particular classesof accessstructures.

In this paper, we study the characterization of ideal multipartite accessstructures.
Informally , an accessstructure is multipartite if its set of participants can be divided
into several parts in such a way that all participants in the samepart play an equivalent
role in the structure. Becauseof its practical interest, secret sharing for multipartite
accessstructures has beenstudied by several authors.
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Sincewe can always consideras many parts as participants, every accessstructure
is multipartite. More accurately, we can consider in any accessstructure the partition
that is derived from a suitable equivalencerelation on the set of participants. There-
fore, we are not restricting ourselvesto a family of accessstructures, but we study the
characterization of ideal accessstructures under a di�eren t point of view. Speci�cally ,
we investigate the above conditions by taking into account that there can be partici-
pants playing equivalent roles in the structure. We obtain in this way a new necessary
condition and a new su�cien t condition for an accessstructure to be ideal in terms of
the classi�cation of its participants into equivalenceclasses.

Our results can be applied to any accessstructure and, hence,they can be viewed
asa new contribution to the open problem of the characterization of ideal accessstruc-
tures. Nevertheless,the most interesting consequencesof our results are obtained when
applied to some particular families of accessstructures. In particular, we present a
complete characterization of the ideal tripartite accessstructures, which was an open
question until now.

2 Related Work

The relation betweenideal secretsharing schemesand matroids discovered by Brickell
and Davenport [8] have led to a number of works dealingwith the characterization of ss-
representable matroids. The Vamosmatroid wasthe �rst matroid that wasproved to be
non-ss-representable. This wasdoneby Seymour[32]and a shorter proof wasgiven later
by Simonis and Ashikhmin [35]. Many other exampleshave beengiven by Mat �u�s [24].
The results by Brickell [7] imply that all representable matroids (that is, matroids
that can be represented by a matrix over some�nite �eld) are ss-representable. The
�rst example of a ss-representable matroid that is not representable, the non-Pappus
matroid, was presented in [35]. This matroid can be represented by an ideal linear
secret sharing scheme. The matroids with this property are said to be multilinearly
representable, a class that includes the representable matroids. The existenceof ss-
representable matroids that are not multilinearly representable is an open question.

The minimal quali�ed subsetsof a matroid-related accessstructure form a matroid
port , a combinatorial object intro duced by Lehman [18] in 1964, much before secret
sharing was invented. Seymour [31] presented in 1976 a forbidden minor character-
ization of matroid ports, which has been used recently to obtain new results on the
characterization of matroid-related accessstructures [22]. The main result in [22] is a
generalization of the result by Brickell and Davenport [8]. Namely, if the information
rate (that is, the ratio between the length of the secret and the maximum length of
the shares)of a secret sharing scheme is greater than 2=3, then its accessstructure is
matroid-related.

Due to the di�cult y of �nding general results, the characterization of ideal access
structures hasbeenstudied for several particular classesof accessstructures: the access
structures on sets of four [36] and �v e [16] participants, the accessstructures de�ned
by graphs [4, 5, 6, 8, 10], the bipartite accessstructures [30], the accessstructures
with three or four minimal quali�ed subsets[20], the accessstructures with intersection
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number equalto one[21], the accessstructures with rank three [19,23],and the weighted
threshold accessstructures [2]. In all thesefamilies, all the matroids that are related to
accessstructures in the family are representable and, then, the matroid-related access
structures coincidewith the ideal ones. This, combined with the results in [22], implies
that the optimal information rate of every non-ideal accessstructure in those families
is at most 2=3.

Multipartite accessstructures were �rst intro duced by Shamir [33] in his seminal
work, in which weighted threshold accessstructures were considered. These struc-
tures have been studied also in [25, 30] and a characterization of the ideal weighted
accessstructures hasbeenpresented in [2]. Brickell [7] constructed ideal secretsharing
schemesfor several di�eren t kinds of multipartite accessstructures, called multilevel
and compartmented, that had been previously considered by Simmons [34]. Other
constructions of ideal schemesfor these and other multipartite structures have been
presented in [13, 27, 37, 38], where somecomplexity issuesrelated to the construction
of those ideal schemesare studied. A complete characterization of ideal bipartite ac-
cessstructures was given in [30] and, independently , in [26, 28]. Partial results on the
characterization of ideal tripartite accessstructures have beenpresented in [2, 11, 13].
The �rst attempt to provide generalresults on the characterization of ideal multipartite
accessstructures hasbeenmaderecently by Herranz and S�aez[13]. They present some
necessaryconditions for a multipartite accessstructure to be ideal, which generalize
the onesgiven in [11] for the tripartite case. In addition, they present a wide family of
ideal tripartite accessstructures.

3 Our Results

This paper dealswith the characterization of ideal multipartite accessstructures. Since
every accessstructure is multipartite, the problem we considerin this paper is actually
the characterization of ideal accessstructures in general. Therefore, this work can be
seenasa new attack to this long-standing open problem under a di�eren t point of view.
Our main contributions can be divided into three parts.

First, a characterization of matroid-related multipartite accessstructures, which
implies a necessarycondition for a multipartite accessstructure to be ideal. The parti-
tion in the set of participants of a matroid-related multipartite accessstructure extends
to the set of points of the corresponding matroid. This leadsus to intro ducethe natural
concept of multipartite matroid. We point out that every multipartite matroid with m
parts de�nes a discrete polymatroid on a set of m points. Discrete polymatroids, which
are a particular classof polymatroids, were intro duced by Herzog and Hibi [14]. By
using discrete polymatroids, we present in Theorem 6.2 a characterization of matroid-
related multipartite accessstructures.

Second,a necessaryand su�cien t condition for a multipartite matroid to be repre-
sentable, which implies a su�cien t condition for a multipartite accessstructure to be
ideal. Linear representations of matroids are obtained by assigninga vector to every
point. If, instead of a vector, we assign a subspaceto every point, we will obtain a
linear representation of a discrete polymatroid. We prove in Theorem 7.1 that a mul-
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tipartite matroid is representable if and only if the corresponding discrete polymatroid
is representable. We think that this theorem is interesting not only for its implications
in secret sharing, but also as a result about representabilit y of matroids. This result
is specially useful if the number of parts is small. For instance, a tripartite matroid
can have many points, but, as a consequenceof our result, we only have to �nd three
suitable subspacesof a vector spaceto prove that it is representable.

And third, the application of the generalresults to the tripartite case,by meansof
which a complete characterization of tripartite accessstructures is obtained. By using
Theorem 6.2, we characterize the matroid-related tripartite accessstructures. Theo-
rem 7.1 is usedto prove that all matroids related to thesestructures are representable
and, hence,that all matroid-related tripartite accessstructures are ideal. Moreover, as
a consequenceof the results in [22], the information rate of every non-ideal tripartite
accessstructure is at most 2=3. We observe that these results cannot be extended to
quadripartite accessstructures, becausethe Vamos matroid is quadripartite and it is
not ss-representable. Hence,there exist matroid-related quadripartite accessstructures
that are not ideal.

After the results in this paper, the openproblemsabout the characterization of ideal
multipartite accessstructures are as di�cult as the open problems in the generalcase.
That is, closing the gap betweenthe necessaryand the su�cien t conditions requires to
solve very di�cult problems about representations of matroids and polymatroids. For
instance, which discrete polymatroids are representable?

The size of the �eld and the number of checks for linear independenceare im-
portant e�ciency issueswhen constructing actual ideal schemesfor ideal multipartite
accessstructures. Such issueshave beenstudied for several particular families of mul-
tipartite accessstructures [2, 27, 30, 37, 38]. The proof of our su�cien t condition for a
multipartite accessstructure to be ideal is purely existential and it doesnot give many
hints about those complexity questions,whoseanalysis in the general caseis deferred
to future work.

4 Matroids and Ideal Secret Sharing Schemes

The reader is referred to [36] for an intro duction to secret sharing and to [29, 39] for
general referenceson Matroid Theory.

A matroid M = (Q; I ) is formed by a �nite set Q together with a family I of
subsetsof Q such that

1. ; 2 I , and

2. if I 2 I and I 0 � I , then I 0 2 I , and

3. if I 1 and I 2 are in I and jI 1j < jI 2j, then there exists x 2 I 2 � I 1 such that
I 1 [ f xg 2 I .

The set Q is the ground set of the matroid M and the elements of I are called the
independent sets of M . The basesof the matroid are the maximally independent sets.
The family B of the basesdetermines the matroid. Moreover, by [29, Theorem 1.2.5],
B � P(Q) is the family of basesof a matroid on Q if and only if
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1. B is nonempty, and

2. for every B1; B2 2 B and x 2 B1 � B2, there exists y 2 B2 � B1 such that
(B1 � f xg) [ f yg is in B.

All baseshave the samenumber of elements, which is the rank of M and is denoted
r (M ). The dependent setsare thosethat are not independent. A circuit is a minimally
dependent subset. A matroid is said to be connected if, for every two points x; y 2 Q,
there exists a circuit C with x; y 2 C. The rank of X � Q, which is denoted r (X ), is
the maximum cardinalit y of the subsetsof X that are independent. Observe that the
rank of Q is the rank of the matroid M that was de�ned before. The rank function
r : P(Q) ! Z of a matroid satis�es

1. 0 � r (X ) � jX j for every X � Q, and

2. r is monotone increasing: if X � Y � Q, then r (X ) � r (Y ), and

3. r is submodular : r (X [ Y ) + r (X \ Y ) � r (X ) + r (Y ) for every pair of subsets
X ; Y of Q.

Moreover, every function r : P(Q) ! Z satisfying theseproperties is the rank function
of a matroid [29, Theorem 1.3.2].

Let K be a �eld. A matroid M = (Q; I ) is K-representable if there exists a
matrix M over K whosecolumns are indexed by the elements of Q such that a subset
I = f i 1; : : : ; i kg � Q is independent if and only if the corresponding columns of M are
independent. In this situation, we say that the matrix M is a K -representation of the
matroid M .

Let Q be a �nite set of participants and p0 2 Q a special participant called dealer.
Let E be a �nite set with a probabilit y distribution on it and, for every i 2 Q, consider
a �nite set E i and a surjective mapping � i : E ! E i . Those mappings induce random
variables on the sets E i . We notate H (E i ) for the Shannon entropy of those random
variables. For a subset A = f i 1; : : : ; i r g � Q, we write H (A) for the joint entropy
H (E i 1 : : : E i r ), and a similar convention is usedfor conditional entropies as,for instance,
in H (E j jA) = H (E j jE i 1 : : : E i r ). The mappings � i de�ne a secret sharing scheme�
with access structure � on the set P = Q � f p0g of participants if H (Ep0 ) > 0 and
H (Ep0 jA) = 0 if A 2 � while H (Ep0 jA) = H (Ep0 ) if A =2 �. In that situation, every
random choice of an element x 2 E, according to the given probabilit y distribution,
results in a distribution of shares ((si ) i 2 P ; s), where si = � i (x) 2 E i is the share of the
participant i 2 P and s = � p0 (x) 2 Ep0 is the shared secret value.

The ratio � (�) = H (Ep0 )=(maxi 2 P H (E i )) is called the information rate of the
scheme �, and the optimal information rate � (�) of the accessstructure � is the
supremum of the information rates of all secretsharing schemeswith accessstructure �.
It is not di�cult to check that H (E i ) � H (Ep0 ) for every i 2 P and, hence,� (�) � 1.
Secret sharing schemeswith � (�) = 1 are said to be ideal and their accessstructures
are called ideal as well. Of course,� (�) = 1 for every ideal accessstructure �.

If � is an ideal secretsharing scheme,then there exists r 0 > 0 such that H (E i ) = r0

for every i 2 Q. Brickell and Davenport [8] proved that the mapping r : P(Q) ! R
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de�ned by r (A) = H (A)=r0 is the rank function of a matroid M = M (�). In particular,
r (A) is a positive integer for every A � Q. The accessstructure � of the scheme� is
formed by the subsetsA � P with r (A [ f p0g) = r (A) and, hence, � = � p0 (M ). A
matroid M is said to be secret sharing representable(or ss-representablefor short) if
M = M (�) for someideal secretsharing scheme�.

Let K be a �nite �eld and let M = (Q; I ) be a K-representable matroid. For every
k � (n + 1) matrix M representing M over K, the linear mappings � i : E = K k !
E i = K de�ned by the columns of M de�ne an ideal secretsharing schemewith access
structure � p0 (M ). Therefore, the accessstructures that are related to representable
matroids are ideal.

5 Multipartite Access Structures, Multipartite Matroids,
and Discrete Polymatroids

We write P(P) for the power set of the set P. An m-partition � = f P1; : : : ; Pm g of
a set P is a disjoint family of m nonempty subsetsof P with P = P1 [ � � � [ Pm .
Let � � P(P) be a family of subsetsof P. For a permutation � on P, we de�ne
� (�) = f � (A) : A 2 � g � P(P). A family of subsets� � P(P) is said to be � -partite
if � (�) = � for every permutation � such that � (Pi ) = Pi for every Pi 2 �. We say
that � is m-partite if it is �-partite for somem-partition �. These conceptscan be
applied to accessstructures, which are actually families of subsets,and they can be
applied as well to the family of independent setsof a matroid. A matroid M = (Q; I )
is � -partite if I � P(Q) is �-partite.

Let M = (Q; I ) be a connected matroid and, for a point p0 2 Q, let � =
f P1; : : : ; Pm g and � 0 = ff p0g; P1; : : : ; Pm g be partitions of the setsP = Q � p0 and Q,
respectively. Then the accessstructure � = � p0 (M ) is �-partite if and only if the
matroid M is � 0-partite.

The partition � 0 is a re�nement of the partition � if every set in � 0 is a subsetof
someset in �. Clearly, if � � P(P) is �-partite and � 0 is a re�nement of �, then �
is � 0-partite. Among all partitions � for which a family of subsets� � P(P) is �-
partite, there exists a partition � � that is not a re�nement of any other such partition.
Following [13], we consider the following equivalencerelation: two elements p;q 2 P
are said to be equivalent according to � if the transposition � pq satis�es � pq(�) = �.
The partition � � is the one de�ned by this equivalencerelation. It is not di�cult to
check that � is �-partite if and only if � is a re�nement of � � .

For every integer m � 1, we consider the set Jm = f 1; : : : ; mg. Let Zm
+ denote the

set of vectors u = (u1; : : : ; um ) 2 Zm with ui � 0 for every i 2 Jm . For a partition
� = f P1; : : : ; Pm g of a set P and for every A � P and i 2 Jm , we de�ne � i (A) =
jA \ Pi j. Then the partition � de�nes a mapping � : P(P) ! Zm

+ by considering
�( A) = (� 1(A); : : : ; � m (A)). If � � P(P) is �-partite, then A 2 � if and only if
�( A) 2 �(�). That is, � is completely determined by the partition � and the set of
vectors �(�) � Zm

+ .
Discrete polymatroids, a combinatorial object intro duced by Herzogand Hibi [14],

arecloselyrelated to multipartite matroids and, becauseof that, they play an important
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role in the characterization of ideal multipartite accessstructures. Before giving the
de�nition of discrete polymatroid, we need to intro duce somenotation. If u; v 2 Zm

+ ,
we write u � v if ui � vi for every i 2 Jm , and we write u < v if u � v and u 6= v. The
vector w = u _ v is de�ned by wi = maxf ui ; vi g. The modulus of a vector u 2 Zm

+ is

juj = u1 + � � � + um . For every subset X � Jm , we write u(X ) = (ui ) i 2 X 2 Z jX j
+ and

ju(X )j =
P

i 2 X ui .
A discrete polymatroid on the ground set Jm is a nonempty �nite set of vectors

D � Zm
+ satisfying:

1. if u 2 D and v 2 Zm
+ is such that v � u, then v 2 D, and

2. for every pair of vectors u; v 2 D with juj < jvj, there exists w 2 D with u < w �
u _ v.

The next proposition, which is easily proved from the axioms of the independent
setsof a matroid, shows the relation betweenmultipartite matroids and discrete poly-
matroids.

Prop osition 5.1. Let � be a partition of a set Q and let I � P(Q) be a � -partite
family of subsets.Then I is the family of the independent sets of a � -partite matroid
M = (Q; I ) if and only if �( I ) � Zm

+ is a discrete polymatroid.

A basis of a discrete polymatroid D is a maximal element in D, that is, a vector
u 2 D such that there does not exist any v 2 D with u < v. Similarly to matroids,
a discrete polymatroid is determined by its bases. Speci�cally , the following result is
proved in [14, Theorem 2.3].

Prop osition 5.2. A nonempty subsetB � Zm
+ is the family of bases of a discrete

polymatroid if and only if it satis�es:

1. all elementsin B have the samemodulus, and

2. for every u 2 B and v 2 B with ui > vi , there exists j 2 Jm suchthat uj < vj and
u � ei + ej 2 B, where ei denotesthe i -th vector of the canonical basis of Rm .

The rank function of a discrete polymatroid D with ground set Jm is the function
h : P(Jm ) ! Z de�ned by h(X ) = maxfj u(X )j : u 2 Dg. The next proposition is a
consequenceof [14, Theorem 3.4].

Prop osition 5.3. A function h : P(Jm ) ! Z is the rank function of a discrete poly-
matroid with ground set Jm if and only if it satis�es

1. h(; ) = 0, and

2. h is monotone increasing: if X � Y � Jm , then h(X ) � h(Y ), and

3. h is submodular: if X ; Y � Jm , then h(X [ Y ) + h(X \ Y ) � h(X ) + h(Y ).

Moreover, a polymatroid D is completely determined by its rank function. Speci�-
cally, D = f u 2 Zm

+ : ju(X )j � h(X ) for all X � Jm g.
For a discrete polymatroid D with ground set Jm and for every X � Jm , we de�ne

the discretepolymatroid D(X ) with ground set X by D(X ) = f u(X ) : u 2 Dg � Z jX j
+ .
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6 A Characterization of Matroid-Related Multipartite Ac-
cess Structures

For every integer m � 1, we considerthe setsJm = f 1; : : : ; mg and J 0
m = f 0; 1; : : : ; mg.

Let D � Zm
+ bea discretepolymatroid with ground setJm and rank function h : P(Jm ) !

Z. We say that a discrete polymatroid D0 � Zm+1
+ with ground set J 0

m completesD if
its rank function h0: P(J 0

m ) ! Z is such that h0(X ) = h(X ) for every X � Jm while
h0(f 0g) = 1 and h0(J 0

m ) = h0(Jm ). In particular, D(J 0
m ) = D. Since the rank function

of D0 is an extensionof the oneof D, both will be usually denotedby h. For a polyma-
troid D0 that completesD, considerthe family � = �( D0) = f X � Jm : h(X [ f 0g) =
h(X )g � P(Jm ). Observe that � is monotone increasing. E�ectiv ely, if X 2 � and
X � Y , then h(X ) + h(Y ) = h(X [ f 0g) + h(Y ) � h(Y [ f 0g) + h(X ) and, hence,
Y 2 �.

Given a discrete polymatroid D with ground set Jm , every completion D0 of D
is determined by �( D0). The next proposition characterizes the families of subsets
� � P(Jm ) for which there exists D0 with � = �( D0). This result will be very useful
in the characterization of ideal tripartite accessstructures.

Prop osition 6.1. Let D be a discretepolymatroid with ground setJm and rank function
h. Consider � � P(Jm ). Then there exists a completion D0 of D with � = �( D0) if
and only if the following conditions are satis�ed.

1. The family � is monotone increasing, ; =2 � , and Jm 2 � .

2. If X � Y � Jm and X =2 � while Y 2 � , then h(X ) < h(Y ).

3. If X ; Y 2 � and X \ Y =2 � , then h(X [ Y ) + h(X \ Y ) < h(X ) + h(Y ).

Proof. Let h0: P(J 0
m ) ! Z be the only extension of h such that, if X � Jm , then

h0(X [ f 0g) = h(X ) if X 2 � and h0(X [ f 0g) = h(X ) + 1 otherwise. Then � = �( D0)
for somecompletion D0 of D if and only if h0 is monotone increasingand submodular,
h0(f 0g) = 1, and h0(J 0

m ) = h(Jm ). These conditions are equivalent to the onesin the
statement.

We say that � � P(Jm ) is D-compatible if it satis�es the conditions in Proposi-
tion 6.1. For every X � Jm we consider the set of vectors B(X ) � Zm

+ such that
u 2 B(X ) if and only if u(X ) is a basis of D(X ) and ui = 0 for every i 2 Jm � X .
Finally, for a family � � P(Jm ), we de�ne G(�) =

S
X 2 � B(X ) � Zm

+ :

Theorem 6.2. Let � be an m-partition of P and let � be a connected � -partite ac-
cess structure on P. Then � is matroid-related if and only if there exist a discrete
polymatroid D with ground set Jm and a D-compatible family � � P(Jm ) such that

� = f A � P : �( A) � u for somevector u 2 G(�) g:

Proof. Let � = (P1; : : : ; Pm ) and � 0 = (f p0g; P1; : : : ; Pm ) be partitions of the sets P
and Q = P [ f p0g, respectively. Let M = (Q; I ) be a connected� 0-partite matroid
and let D0 = � 0(I ) � Zm+1

+ be the discrete polymatroid with ground set J 0
m induced

9



by M . Observe that, since M is connected, D0 completes the discrete polymatroid
D = D0(Jm ). Considerthe matroid-related �-partite accessstructure � p0 (M ). Weonly
have to prove that � p0 (M ) = f A � P : �( A) � u for somevector u 2 G(�( D0))g:

Consider a vector u = (u1; : : : ; um ) 2 G(�( D0)) and A � P with �( A) � u. Then
there exists X � Jm such that X 2 �( D0) and u(X ) is a basis of D(X ). We can
supposethat X = f 1; : : : ; r g and, hence,u = (u1; : : : ; ur ; 0; : : : ; 0). Consider a subset
B � A with �( B ) = u. Since � 0(B ) = eu = (0; u1; : : : ; ur ; 0; : : : ; 0) 2 D0, we deduce
that B is an independent set of the matroid M . On the other hand, � 0(B [ f p0g) =
(1; u1; : : : ; ur ; 0; : : : ; 0) =2 D0 becauseeu(X ) is a basisof D0(X ) and h(X [ f 0g) = h(X ).
Therefore, B [ f p0g is a dependent set of M . This, together with the independenceof
B , implies that B 2 � p0 (M ) and, hence,A 2 � p0 (M ).

Let A � P be a minimal quali�ed subsetof � p0 (M ) and let X = f i 2 Jm : A \ Pi 6=
;g . Wecansupposethat X = f 1; : : : ; r g. Consideru = � 0(A) = (0; u1; : : : ; ur ; 0; : : : ; 0).
Observe that u 2 D0 becauseA is an independent set of M . The proof is concluded
by checking that X 2 �( D0) and that u(X ) is a basis of D0(X ). If, on the con-
trary , u(X ) is not a basis of D0(X ), we can suppose without loss of generality that
v = (0; u1 + 1; u2; : : : ; ur ; 0; : : : ; 0) 2 D0. Since A is a minimal quali�ed subset of
� p0 (M ), the set A [ f p0g is a circuit of M and, hence, B = (A [ f p0g) � f p1g is
an independent set of M for every p1 2 A \ P1. Therefore, w = � 0(B ) = (1; u1 �
1; u2; : : : ; ur ; 0; : : : ; 0) 2 D0. Since jvj > jwj, there exists x 2 D0 with w < x � w _ v.
This implies that x = (1; u1; u2; : : : ; ur ; 0; : : : ; 0) = � 0(A [ f p0g) 2 D0, a contradiction.
Therefore, u(X ) is a basis of D0(X ), and this implies h(X [ f 0g) = h(X ) because
(1; u1; u2; : : : ; ur ; 0; : : : ; 0) =2 D0. Hence,X 2 �( D0).

As a consequence,a necessarycondition for an m-partite accessstructure to be
matroid-related is obtained. It is a generalization of a result conjectured, but not
proved, in [13]. The support of A � P is de�ned as supp(A) = f i 2 Jm : A \ Pi 6= ;g .

Prop osition 6.3. Let � be a matroid-related m-partite access structure. For every
X � Jm , all minimal quali�ed subsetsA 2 min � with supp(A) = X have the same
cardinality.

7 Represen table Multipartite Matroids

Let K be a �eld, E a K -vector space,and V1; : : : ; Vm subspacesof E . It is not di�cult
to check that the mapping h : P(Jm ) ! Z de�ned by h(X ) = dim(

P
i 2 X Vi ) is the

rank function of a discrete polymatroid D � Zm
+ . In this situation, we say that D is

K -representableand the subspacesV1; : : : ; Vm are a K-representation of D. The main
goal of this section is to prove the following result.

Theorem 7.1. Let M = (Q; I ) be a � -partite matroid and let D = �( I ) be its associ-
ated discrete polymatroid. If M is K-representable,then so is D. In addition, if D is
K -representable,then M is representableover some�nite extension of K.

Let � = (Q1; : : : ; Qr ) be a partition of Q and let M = (Q; I ) be a �-partite
matroid. Consider the discrete polymatroid D = �( I ) � Zm

+ and its rank function
h : P(Jm ) ! Z.
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We begin by proving the �rst claim in the statement of Theorem 7.1. Supposethat
M is represented over the �eld K by a matrix M . For every i 2 Jm , consider the
subspaceVi spannedby the columns of M corresponding to the points in Qi . Then
h(X ) = r ([ i 2 X Qi ) = dim(

P
i 2 X Vi ) for every X � Jm . Therefore, the subspaces

V1; : : : ; Vm are a K-representation of the discrete polymatroid D.
The proof for the secondclaim in the theorem is much more involved and needs

several partial results. Assume now that the discrete polymatroid D = �( I ) is K -
representable. Then there exists a K -representation of D consisting of subspaces
V1; : : : ; Vm of the K -vector spaceE = K s, where s = h(Jm ) = r (M ). Consider the
subset eD � Zm

+ de�ned in the following way: an integer vector u 2 Zm
+ is in eD if and

only if there exists a sequence(A1; : : : ; Am ) of subsetsof E such that

1. A i � Vi and jA i j = ui for every i 2 Jm ,

2. A i \ A j = ; if i 6= j , and

3. A1 [ � � � [ Am � E is an independent set of vectors.

Lemma 7.2. In this situation, eD = D.

Proof. If (A1; : : : ; Am ) is a sequenceof subsetsof E corresponding to an integer vector
u 2 eD, then ju(X )j =

P
j 2 X jA j j � dim(

P
j 2 X Vj ) = h(X ) for every X 2 Jm and,

hence,u 2 D. Therefore, eD � D.
We prove now that the subset eD � Zm

+ is a discrete polymatroid. Clearly, eD 6= ;
and, since eD � D, it is �nite. Moreover, it is obvious that v 2 eD if v � u and u 2 eD.
Consider u; v 2 eD with juj < jvj. Among all possiblepairs of sequences(A1; : : : ; Am )
and (B1 : : : ; Bm ) corresponding, respectively, to the integer vectors u and v, we choose
one maximizing

P m
j =1 jA j \ B j j. Let A = A1 [ � � � [ Am and B = B1 [ � � � [ Bm . Since

jB j > jAj, there exists a vector x 2 B � A such that A [ f xg is an independent set. We
claim that, if x 2 B i , then jB i j > jA i j. If, on the contrary , jB i j � jA i j, there must exist
y 2 A i � B i . Then (A0

1; : : : ; A0
i ; : : : ; A0

m ), where A0
i = (A i [ f xg) � f yg and A0

j = A j if
j 6= i , is a sequencecorresponding to u and such that

P m
j =1 jA0

j \ B j j >
P m

j =1 jA j \ B j j,
a contradiction. Therefore, by consideringthe sequence(A1; : : : ; A i [ f xg; : : : ; Am ), we
seethat there exists w 2 eD such that u < w � u _ v. This proves that eD is a discrete
polymatroid.

Consider the rank function eh : P(Jm ) ! Z of eD. Given a subsetX � Jm , it is clear
that eh(X ) = maxfj u(X )j : u 2 eDg � dim(

P
j 2 X Vj ) = h(X ). On the other hand, by

considering a basis of the subspace
P

j 2 X Vj formed by vectors in
S

j 2 X Vj , we can

�nd a vector u 2 eD with ju(X )j = dim(
P

j 2 X Vj ) and, hence,eh(X ) � h(X ). Therefore,
eD = D.

The next lemma is a direct consequenceLemma 7.2.

Lemma 7.3. For every basis u of D, there exists a basis B = B1 [ � � � [ Bm of the
vector space E such that B i � Vi and jB i j = ui for every i 2 Jm , and B i \ B j = ;
if i 6= j .

11



Let K be the algebraicclosureof K. From now on, Vi will denoteboth the subspace
of E = K s and its extensionto K

s
. Clearly, thosesubspacesprovide a K -representation

of D. For every i 2 Jm , let r i = dim Vi and ni = jQi j, and take n = n1 + � � � + nm .
Consider the spaceM of all s � n matrices over K of the form (M 1jM 2j � � � jM m ), where
M i is a s � ni matrix whosecolumns are vectors in Vi . Observe that the columns of
every matrix M 2 M can be indexed by the elements in Q, corresponding the columns
of M i to the points in Qi . The proof of Theorem 7.1 is concludedby proving that there
exists a matrix M 2 M representing the matroid M over K because,in this case,M
is representable over some�nite extension of K (the one containing all entries of the
matrix M ).

Lemma 7.4. If A � Q is a dependentsubsetof the matroid M , then, for everyM 2 M ,
the columns of M corresponding to the elementsin A are linearly dependent.

Proof. Since u = �( A) =2 D, there exists X � Jm such that ju(X )j > h(X ) =
dim(

P
j 2 X Vj ). Then the columnsof M corresponding to the elements in A \ ([ j 2 X Qj )

must be linearly dependent.

Therefore, the following lemma concludesthe proof of Theorem 7.1.

Lemma 7.5. There exists a matrix M 2 M such that, for every basis B � Q of the
matroid M , the corresponding columns of M are linearly independent.

Proof. By �xing a basisof Vi for every i 2 Jm , we get one-to-onemappings

� i : K
r i ! Vi � K

s
:

Let N =
P m

i=1 r i ni . By using the mappings � i , we can construct a one-to-onemapping

	 : K
N

= (K
r 1 )n1 � � � � � (K

r m )nm ! M :

That is, by choosing an element in K
N

, we obtain n1 vectors in V1, n2 vectors in V2,
and so on. For every basis B � Q of the matroid M , we consider the mapping
f B : K

N
! K de�ned by f B (X ) = det(	( X )B ), where 	( X )B is the squaresubmatrix

of 	( X ) formed by the s columns corresponding to the elements in B . Clearly, f B is
a polynomial. Let B be a basis of M and u = �( B ) 2 Zm

+ . From Lemma 7.3, there
exists a basisof K

s
of the form eB = B1 [ � � � [ Bm such that B i � Vi and jB i j = ui for

every i 2 Jm . By placing the vectors in eB in the suitable positions in a matrix M 2 M ,
we can �nd a vector X B 2 K

N
such that f B (X B ) 6= 0. Therefore, the polynomial f B is

non-zero for every basisB of M . Sincethe �eld K is algebraically closed,there exists
a point X 0 2 K

N
such that f B (X 0) 6= 0 for every basis B of M . Clearly, the matrix

	( X 0) is the one we need.

Theorem 7.1 provides a su�cien t condition for a multipartite accessstructure to
be ideal. Namely, a multipartite accessstructure is ideal if it is of the form � p0 (M ),
where M = (Q; I ) is a � 0-partite matroid such that the discrete polymatroid � 0(I )
is representable. In addition, the interest of Theorem 7.1 goesbeyond its implications
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to secret sharing. As far as we now, the representabilit y of multipartite matroids has
not beenstudied before. Therefore, the connection betweenmultipartite matroids and
discrete polymatroids we presented here and Theorem 7.1 are interesting new results
about representabilit y of matroids.

The remaining open problems about the characterization of multipartite access
structures are now as di�cult as the open problems for the general case. The gap
between the necessaryand the su�cien t conditions is due to very di�cult problems
about matroid and polymatroid representations as, for instance, the following one.

Op en Problem 7.6. Characterize the representable discrete polymatroids.

Analogously to the matroid case,in which there exist ss-representable matroids that
are not representable, we have to consider a di�eren t kind of polymatroid representa-
tion. A discretepolymatroid D with ground set Jm and rank function h : P(Jm ) ! Z is
probabilistically representableif there exist a �nite set E with a probabilit y distribution
on it and, for every i 2 Jm , a surjective mapping � i : E ! E i such that h(X ) = H (X )
for every X � J , where, as in Section 4, H (X ) denotesthe Shannon entropy on the
corresponding random variable. The next proposition is not di�cult to prove. Never-
theless,to prove or disprove its converse,which would be in any casea very interesting
result about the characterization of ideal multipartite accessstructures, seemsto be a
very di�cult open problem.

Prop osition 7.7. Let M = (Q; I ) be a � -partite matroid and let D = �( I ) be its
associated discrete polymatroid. If M is ss-representable,then D is probabilistically
representable.

Op en Problem 7.8. Is the converseof Proposition 7.7 true?

Op en Problem 7.9. Characterize the probabilistically representable polymatroids.

8 Bipartite and Tripartite Access Structures

In this section, we apply our general results on ideal multipartite accessstructures
to completely characterize the ideal bipartite and tripartite accessstructures. The
characterization of ideal bipartite accessstructures was done previously in [30], but
only partial results were known about the tripartite case[2, 11, 13].

We begin by characterizing the matroid-related bipartite and tripartite accessstruc-
tures. Afterwards, we prove that all matroids related to those accessstructures are
representable and, hence,all matroid-related bipartite and tripartite accessstructures
are ideal. We obtain in this way a characterization of the ideal bipartite and tripartite
accessstructures. In addition, as a consequenceof the results in [22], the optimal in-
formation rate of every non-ideal bipartite or tripartite accessstructure is at most 2=3.

Weobserve that wecannot obtain in this way a characterization of ideal multipartite
accessstructures with more than three parts. This is due to the fact that the Vamos
matroid is quadripartite and it is not ss-representable. Therefore, there exist matroid-
related quadripartite accessstructures that are not ideal.
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8.1 Characterizing Matroid-Related Bipartite and Tripartite Access
Structures

By applying Theorem 6.2 to the particular casesm = 2 and m = 3, we characterize
the matroid-related bipartite and tripartite accessstructures.

Let � be a bipartite accessstructure, that is, � is �-partite for some partition
� = (P1; P2) of the set P of participants. From Theorem6.2, � is matroid-related if and
only if there exists a discrete polymatroid D with ground set J2 and a D-compatible
family � � P(J2) such that � = f A � P : �( A) � u for somevector u 2 G(�) g,
where G(�) =

S
X 2 � B(X ) and

� B(f 1; 2g) = f v 2 Z2
+ : (s � r 2; s � r1) � v � (r 1; r2) and jvj = sg,

� B(f 1g) = f (r 1; 0)g, and B(f 2g) = f (0; r 2)g.

Given integers r 1; r2; s and a family of subsets� � P(J2), there exists a discrete
polymatroid D with ground set J2 and r i = h(f ig), for i = 1; 2, and s = h(f 1; 2g) such
that � is D-compatible if and only if the following conditions are satis�ed.

1. s > 0 and 0 � r i � s � r 1 + r2.

2. � is monotone increasing, ; =2 �, and J2 2 �.

3. r i > 0 if f ig 2 �, and s > r i if f i g =2 �.

4. r1 + r2 > s if ff 1g; f 2gg � �.

Summarizing, a bipartite accessstructure is matroid-related if and only if it is de-
termined in that way by some � � P(J2) and some integers r 1; r2; s in the above
conditions.

The characterization of the matroid-related tripartite accessstructure is more in-
volved. We begin by intro ducing some notation. The values of a rank function
h : P(J3) ! Z of a discrete polymatroid D with ground set J3 will be denoted by
r i = h(f ig), where i 2 J3, and si = h(f j ; kg) if f i; j ; kg = J3, and s = h(J3). The
integer valuesr i , si , and s univocally determine a discretepolymatroid with ground set
J3 if and only if for every i; j ; k with f i; j ; kg = J3,

1. s > 0, and 0 � r i � sj � s, and

2. si � r j + r k , and s � si + r i , and s + r i � sj + sk .

Let D be a discrete polymatroid with ground set J3. From Proposition 6.1, a family
� � P(J3) is D-compatible if and only if the following conditions are satis�ed for every
i; j ; k with f i; j ; kg = J3.

1. � is monotone increasing, ; =2 �, and J3 2 �.

2. r i > 0 if f ig 2 �, and r i < sj if f i g =2 � and f i; kg 2 �, and si < s if f j ; kg =2 �.

3. si < r j + r k if ff j g; f kgg � �.
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4. s + r i < sj + sk if f i g =2 � and ff i; j g; f i; kgg � �

5. s < si + r i if ff i g; f j ; kgg � �.

From Theorem 6.2, a tripartite accessstructure � is matroid-related if and only if there
exist integers r i ; si ; s and a family � � J3 in the above conditions such that a subset
A � P is in � if and only if �( A) � u for someu 2

S
X 2 � B(X ), where

� B(J3) = f v 2 Zm
+ : (s � s1; s � s2; s � s3) � v � (r 1; r2; r3) and jvj = sg,

� B(f 1; 2g) = f v 2 Zm
+ : (s3 � r2; s3 � r1; 0) � v � (r 1; r2; 0) and jvj = s3g, and

� B(f 1g) = f (r 1; 0; 0)g,

and the other setsB(X ) are de�ned symmetrically.

8.2 All Matroid-Related Bipartite and Tripartite Access Structures
Are Ideal

Let D be a discretepolymatroid with ground set J3 that is represented over the �eld K
by three subspacesV1; V2; V3 of a vector spaceE. If r i , si and s are the integer values
of the rank function of D, then r i = dim Vi for every i 2 J3, and si = dim(Vj + Vk )
if f i; j ; kg = J3, and s = dim(V1 + V2 + V3). If f i; j ; kg = J3, consider t i = r j + r k �
si = dim(Vj \ Vk ). Observe that t = dim(V1 \ V2 \ V3) is not determined in general
by D. That is, there can exist di�eren t representations of D with di�eren t values
of t. Nevertheless, there exist some restrictions on this value. Of course, t � t i for
every i 2 J3. In addition, since (V1 \ V3) + (V2 \ V3) � (V1 + V2) \ V3, we have that
dim(( V1 + V2) \ V3) � dim((V1 \ V3) + (V2 \ V3)) =

P
si �

P
r i � (s � t) � 0. Therefore,

maxf 0; s �
P

si +
P

r i g � t � minf t1; t2; t3g.

Prop osition 8.1. Let D be a discrete polymatroid with ground set J3. Consider an
integer t with maxf 0; s�

P
si +

P
r i g � t � minf t1; t2; t3g and ` =

P
si �

P
r i � (s� t).

Let K be a �eld with jK j � s3 + `. Then there exists a K-representation of D given by
subspaces V1; V2; V3 � E = K s with dim(V1 \ V2 \ V3) = t.

Proof. Consider two subspacesV; W � E such that dim V = s3 and E = V � W.
Given a basis f v1; : : : ; vs3 g of V , consider the mapping v : K ! V de�ned by v(x) =P s3

i =1 x i � 1vi . Observethat the vectorsv (x) haveVandermondecoordinateswith respect
to the given basis of V . This implies that every set of at most s3 vectors of the form
v(x) is independent. Consider three disjoint sets T3; R1; R2 � f v (x) : x 2 Kg � V
with jT3j = t3, jR1j = r1 � t3, and jR2j = r2 � t3. The subspacesV1 � V and V2 � V ,
spanned, respectively, by T3 [ R1 and T3 [ R2, are such that V1 + V2 = V and have
dimensionsdim V1 = r1 and dim V2 = r2.

At this point, we have to �nd a suitable subspaceV3 � E to complete the rep-
resentation of D. Consider sets T � T3 with jT j = t, and A1 � R1 and A2 � R2

with jA1j = t2 � t and jA2j = t1 � t , and B � f v (x) : x 2 Kg with jB j = ` and
B \ (T3 [ R1 [ R2) = ; . Finally, take V3 = U � W, where U � V is the subspace
spannedby T [ A1 [ A2 [ B .
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Since jT [ A1 [ A2 [ B j = s3 + r3 � s � s3, this is an independent set of vectors
and, hence,it is a basis of U. Therefore, dim V3 = r3. We assert that dim(V3 \ V1) =
t2. E�ectiv ely, it is clear that dim(V3 \ V1) = dim(U \ V1). The sets T3 [ R1 and
T [ A1 [ A2 [ B are basesof V1 and U, respectively. The intersection of thesetwo sets
is T [ A1, which has cardinalit y t2, and their union is T3 [ R1 [ A2 [ B , which is an
independent set becauseits cardinalit y is s3 � (s � s2) � s3. This provesour assertion.
Analogously, dim(V3 \ V1) = t1. Therefore, dim(V1 + V3) = s2 and dim(V2 + V3) = s1.
A similar argument as beforeprovesthat dim(V1 \ V2 \ V3) = t.

As a consequenceof this result, we obtain Corollary 8.2. This and Theorem 7.1
prove Corollary 8.3.

Corollary 8.2. Every discrete polymatroid with ground set Jm with m � 3 is repre-
sentableover �elds of all characteristics.

Corollary 8.3. Every m-partite matroid with m � 3 is representableover �elds of all
characteristics.

Corollary 8.4. Every matroid-related bipartite accessstructure is ideal.

Proof. If � p0 (M ) is a matroid-related bipartite accessstructure, then the matroid M
is tripartite and, from Corollary 8.3, it is representable.

The next lemma is a well known result of linear algebra. It will be usedin the proof
of Theorem 8.6.

Lemma 8.5. Let K be a �eld with jK j > n and let V and W1; : : : ; Wn be subspaces of
a K-vector space E such that V 6� Wi for every i = 1; : : : ; n. Then V 6�

S n
i=1 Wi .

Theorem 8.6. Every matroid-related tripartite accessstructure is ideal. More speci�-
cally, every matroid-related tripartite accessstructure admits ideal linear secret sharing
schemesover �elds of all characteristics.

Proof. Let � = � p0 (M ) be a matroid-related tripartite accessstructure. Then there
exist partitions � = f P1; P2; P3g of the setP of participants and � 0 = ff p0g; P1; P2; P3g
of the set Q = P [ f p0g such that � is �-partite and the matroid M = (Q; I ) is � 0-
partite. From Theorem 7.1, we only have to prove that the discrete polymatroid D0 =
� 0(M ) is representable over �nite �elds of every characteristic. Remember that D0 is a
completion of the discretepolymatroid D = D0(J3). Therefore, D0 is determined by the
integersr i ; si ; s that de�ne the rank function of D and the family � = �( D0). For every
i; j ; k with f i; j ; kg = J3, consider t i = r j + r k � si . From the proof of Proposition 8.1,
for every integer t such that maxf 0; s �

P
si +

P
r i g � t � minf t1; t2; t3g and for

every large enough �eld K, there exists a K-representation of D formed by subspaces
V1; V2; V3 � E = K s with dim(V1 \ V2 \ V3) = t.

The proof is concludedby �nding a vector x0 2 E such that the subspaceV0 = hx0i
together with the subspacesV1; V2; V3 form a K-representation of D0. We distinguish
several cases,depending on the family �. Clearly, the casesthat are not considered
hereare solved by symmetry. Remember that the valuesr i , si , and s and the family �
must satisfy the conditions in Section 8.1.
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Case 1 min � = ff 1gg. In this case,we have to choosea vector x0 2 V1 such that
x0 =2 V2 + V3. Such a vector exists becausef 2; 3g =2 � and, hence,s1 < s.

Case 2 min � = ff 1g; f 2gg. Then s3 < r1 + r2 and s + r 3 < s1 + s2. In particular,
t3 = r1 + r2 � s3 > maxf 0; s �

P
si +

P
r i g. Therefore, we can take t < t3 and, hence,

there exists a representation of D such that V1 \ V2 6� V3. Now, we only have to take a
vector x0 2 V1 \ V2 such that x0 =2 V3.

Case 3 min � = ff 1g; f 2g; f 3gg. In this situation, si < r j + r k whenever f i; j ; kg =
J3. Therefore, minf t1; t2; t3g > 0 and, hence, there exists a representation of D with
V1 \ V2 \ V3 6= f 0g.

Case 4 min � = ff 1g; f 2; 3gg. Then s < r 1 + s1. In addition, s + r 2 < s1 + s3 and
s + r3 < s1 + s2. Observe that dim(V1 \ (V2 + V3)) = r 1 + s1 � s > 0. Moreover, we
assertthat V1 \ (V2 + V3) 6� Vi if i 6= 1. Supposethat, for instance, V1 \ (V2 + V3) � V2.
This implies that V1 \ (V2 + V3) = V1 \ V2 and, by consideringthe dimensionsof these
subspaces,r 1 + s1 � s = r 1 + r2 � s3. Since s + r 2 < s1 + s3, we have obtained a
contradiction that proves our assertion. Finally, we take a vector x0 2 V1 \ (V2 + V3)
such that x0 =2 V2 and x0 =2 V3.

Case 5 min � = ff 1; 2gg. For i 2 f 1; 2g, we have si < s and, hence,V1+ V2 6� Vi + V3.
Then there exists a vector x0 2 V1 + V2 such that x0 =2 V2 + V3 and x0 =2 V1 + V3.

Case 6 min � = ff 1; 2g; f 2; 3gg. Consider V = (V1 + V2) \ (V2 + V3). Observe
that dim V = s3 + s1 � s > r 2 = dim V2. Therefore, V 6� V2. In addition, since
V 0 = V2 + (V1 \ V3) � V ,

E = (V1 + V3) + V 0 � (V1 + V3) + V � E ; (1)

and V1 + V3 6= E becauses2 < s. Therefore, there exists a vector x0 2 V such that
x0 =2 V1 + V3 and x0 =2 V2.

Case 7 min � = ff 1; 2g; f 2; 3g; f 3; 1gg. ConsiderW = (V1+ V2) \ (V2+ V3) \ (V3+ V1).
Becauseof Equation (1), dim W =

P
si � 2s. Clearly, if f i; j ; kg = J3, then W \ Vi =

Vi \ (Vj + Vk ) and, hence,dim(W \ Vi ) = r i + si � s. Sincedim W � dim(W \ Vi ) =
sj + sk � s � r i > 0, we have proved that W 6� Vi for every i 2 J3. Therefore, there
exists a vector x0 2 W such that x0 =2 Vi for every i 2 J3.

Case 8 min � = ff 1; 2; 3gg. In this casesi < s for every i 2 J3 and, hence, there
exists a vector x0 2 E such that x0 =2 Vj + Vk for every f j ; kg � J3.
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