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LectureS
Design constraints

This lecture follows Chapter 6 of Doyle-Francis-TannembhaGomplex
Variables and Applications, by Churchill and Brown, can provide the
necessary complex function results, which we will briefiyiesy.
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Constraintsin the design

The robust performance condition (RPC) is
H ‘Wls -+ ‘WQT‘ Hoo < 1,

wherell;, describing the performance goal, and,
describing the set of plants, are given. One has

1 L

S=——, T=——
1+ L° 1+ L°

with L = PC.|Find C' so as to satisfy the RPC.

There are 2 classes of obstacles:
algebraic constraints relatiigand.S.

analytic constraints ofY'(jw)| and|S(jw)| due to the
zeros and poles af.
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Algebraic constraints

There are three algebraic constraints:

For everys € C, S(s) + T'(s) = 1. In particular,|S(jw)]
and|T(jw)| cannot both be less thar2 at the same
frequencyw.

Combining the above constraint with the RPC condition,
one gets necessarily

min{ |Wi(jw)|, [Wa(jw)|} < 1, Vw.

If pis a pole ofL andz Is a zero ofL, then
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Complex variableresults (1)

Maximum modulustheorem. Let €2 be a nonempty, open,
connected set If and letF’ be analytic inf2. Suppose that
F'is not a constant. Theld'| does not attain a maximum
value In).

As an application, if2 is the open right half-plane and

F € 9, thenF' is analytic and of bounded magnitude in the
closed seft(s) > 0, and thug F'| has a maximum in

J(s) > 0. Since it cannot be if2, it must be on the
Imaginary axis and hence

| Flloc = sup [F(s)].
R(s)>0
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Complex variableresults (11)

Cauchy’stheorem. Suppose that is a bounded open set
with connected complement alis a
non-self-intersecting closed contourtn If F'is analytic in

(2, then
j{ F(s)ds = 0.
D

Cauchy’sintegral formula. Under the same assumptions
of Cauchy’s theorem, if, is a point in{2, then

Flso) = — %DF(S) ds.

% S — 5o
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Complex variableresults (111)

Schwarz'sintegral formula. Let /' be analytic and of
bounded magnitude ift(s) > 0, and letsy = oo + jwy
with o9 > 0. Then

F(s) = 1 / +OO F(jw) 70 dow.
T ) o 05 + (w — wp)?

This is also known as Poisson’s integral formula for the
half-plane. It can be deduced from Cauchy’s theorem and
Cauchy’s integral formula foF'(s) /(s + S¢) and

F(s)/(s — so) respectively, withD the Nyquist contour.
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Analytical constraints (I)

Boundson W; and W,
If 2z is a zero ofL. with ®(z) > 0 then, usingS(z) = 1,

Wi(2)] = [Wi(2)5(2)] < Sup Wi(s)S(s)| = [[W1LS5]]e,

where the maximum modulus theorem has been used.
Hence||W1S|| > |Wi(2)|.

Similarly, if p is a pole ofL with %(p) > 0,
[WoT |0 > [Wa(p)].

It is thusnecessary that |/ (z)| < 1 and|Ws(p)| < 1 for
performance and for robust stability, respectively.
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Analytical constraints (1)

A transfer function IinQ is all-pass if its magnitude equals
1 at all points on the imaginary axis.

Up to a sign, an all-pass function is the product of factors of
the form

S — 5o
)1s > (.
S—|—§07 (SO)
H(s)=1,H(s)=—1
H(s) = 55
H(s) s?— 5+ 2 5_(%+j %) 5_(%_ %)
S
2 2
IS s+ G-ayE) s+ G+
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Analytical constraints (l11)

A transfer function InQ is minimum phase if it has no
zeros ink(s) > 0.

The name comes from the fact that, given a minimum phaseiméi(s), all the other
functionsG(s) with the same magnitude when evaluated on the imaginary line
G(s) = H(s)Gap(s), WhereGgpis all-pass, verify that

arg H(jw) < arg G(jw) Yw € R,

Let

s+ 1
s2 +s+1

H(s) =

which is minimum-phase, and

s—1
s24+s+1

G(s) =

which has the same magnitude. The
symbol line is the angular part of the  -sof
Bode plot of G, while the solid line

corresponds to that df . w' w0
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Analytical constraints (V)

Factorization. For each functiory in Q there exist an
all-pass functiorty,, and a minimum-phase functidiiy,,

such thatz = G,,Gmp. The factors are unique up to sign.

Gap is obtained as the product of all factors of the form

S — 8o

s + So
wheresg ranges over all zeros @f in (s) > 0, and then

G
Gmp — G—ap

s2 —3s+2

s24+s+1

then

—2 —1 2 _35+2 24+35+2
Gap: i . i — 5 S+ and Gmp: i —|_ S+ .
s+2 s+1 s2+4+3s+2
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Analytical constraints (V)

For the remainder of this lecture we assume fhaas no
poles on the imaginary axis. Remember thas not
strictly proper (sincd. is proper).
If
S = SapSmp
thenSy,, has no zeros on the imaginary axis &g is not
strictly proper, since' is not. HenceS’r;g € Q because
Smp IS proper.
Smp has no zeros with(s) > 0 (definition of
minimum phase).
Smp NAS N0 zeros wirlk(s) = 0 (assumption).
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Analytical constraints (V1)

SupposeP has a zero at with (z) > 0, a pole afp with (p) > 0, and no other pole
or zero withiR(s) > 0. Suppose also that has no poles or zeros iR(s) > 0. Then,
sincep andz are real,

S—p s — 2
Sap(s) = st Tap(s) = .

FromT'(z) = 0 andS(p) = 0 we getS(z) = 1 andT'(p) = 1, and hence

Z+Dp P+ z

, Tmp(p) = (Tap(p)) ™" =

Smp(2) = (Sap(2)) ™" =

Then

Z+Dp
H%ﬂM=W%%MmeWHMM=WM@_|,

A
and

P+ z
pP— =<

H%ﬂ@zhﬂ@

A plant pole and a plant zero near each other in the rightialie greatly difficult the
performance and robustness goals.
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Analytical constraints (VII)

Example: the cart-pendulum. Let P be the transfer function from to z:

s> — g
P = )
(5) s2(Mlis?2 — (M +m)g)
Settingr = m /M, we havez = \/g andp = zv/1 + .

Let us focus on the stabilization task. We have

ptz_Vitr+l

p—z Vl+r—1

and||W2T||oo > |Wa(p) Yt |.

Hencer > 1,1.e. m > M seems to facilitate the stabilization task. But this means a
large value op and hence a large value @2 (p) (W3 is high-pass, tipically).

In contrast, the: to y transfer function has no zeros and there is no tradeoff inmgak
m /M very small.

Longer sticks are easier to balance on the palm of the hamsded#sier to control an
inverted stick by looking at the top than it is by looking a¢ thase.
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The waterbed effect.

Tracking problem with reference signals concentratedin w2]. Let

M; = max [S(jw)|

w1 Swlw2

and letM2 = |[S||oo-

The tracking condition|W; S||eo < 1 will be easily attainable if\/; < 1. On the other
hand,

L ( ! )_1 inf |1+ L(jow)|
— su = 1n w
M, o L+ L(jw)] - ’
— inf|—1— L(jw)|

w

= distance from-1 to the Nyquist plot ofL,

so, from the robustness point of view, we cannot allaly to be very large. Notice that
My > 1 becauseS(joo)| = 1.

Question: can we havk/; small andM> not very large?
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Analytical constraints (I X)

The waterbed effect (cont’d).

For non-minimum-phase plants, the answer is Ng:Sass pushed down in a frequency

range, it pops up somewhere else.

Theorem (The waterbed theorem). Suppose thaP has a
zeroz with 1(z) > 0. Then there exist positive constants
andc,, depending only oo, ws andz, such that

c1 log My + c5 log My > log |Sap(z)_1\ > 0.

If z = 0¢g + jwo and
1 oy

flw) = —

7 o2 + (w— wo)

2 Y

then

c1 :/ fw)dw, c2 :/ f(w) dw.
[—w2,—w1]U[w1,w2] R—([—w2,—w1]U[w1,w2])

17013 — IOC-UPC, Lecture 5, November 9th 2005 — p. 15/16



UNIVERSITAT POLITECNICA

DE CATALUNYA

1

Analytical constraints (X)

The area formula.

It turns out that the area bounded by the grap[gfiw)| in log scale plotted as a
function ofw in linear scale is bounded from below by the real parts of thetable poles
of L. Let{p;} denote the set of poles &f with 3(p) > 0. Remember thatelative

degree equals degree of denominator minus degree of numeraton The

Theorem (The area formula). Assume that the relative
degree ofL is at leas®. Then

/OO log |[S(jw)| dw = Wlogez R(p;).

0

This result applies for any system with relative degreé @it least 2, be it
minimum-phase or not.

Negative area, required for good tracking performance axg@ven frequency, must be
accompanied by positive area.
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