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Universitat Politècnica de Catalunya - DMA4

July 13th, 2007



The Frobenius Problem: A Geometric Approach

Introduction

The Frobenius problem
(a.k.a. the money changing problem)

A = {a1, . . . , an} a set of positive integers

• Which is the maximum positive integer that can not be represented
as a positive combination of the elements of A?

There is a solution, denoted by g(a1, . . . , an), provided that

gcd(a1, . . . , an) = 1.

Example A = {5, 7}

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24 ,25, 26, . . .
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Related problems

• The number of non-representable integers

• A description of the set of non-representable integers

• The denumerant of a positive integer m: the number of
representations of m

• Postage stamp problem

• . . .
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Notation

A = {a1, . . . , an} s.t. ai > 0 and gcd(a1, . . . , an) = 1

• Set of representable integers
R(A) = R(a1, . . . , an) = {m = x1a1 + x2a2 + · · ·+ xnan | xi ∈ N}

• Set of non-representable integers , or gaps
R(A) = R(a1, . . . , an) = N \ R(A)

• The Frobenius number of A
g(A) = g(a1, . . . , an) = max R(A)

• Number of gaps
N(A) = N(a1, . . . , an) = |R(A)|

• Number of representations of m, the denumerant of m
d(m; A)
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The case of two generators

n-dimensional lattice

A = {a1, . . . , an}, with gcd(a1, . . . , an) = 1

` : Zn → Z
(x1, . . . , xn) 7→ x1a1 + · · ·+ xnan

• ` is an integer labeling of Zn. If m = x1a1 + · · · xnan, we label the
point of coordinates (x1, . . . , xn) by the integer m.

• ` is linear and surjective, and ker ` is the set of integer points lying
on the hyperplane x1a1 + · · ·+ xnan = 0

ker ` = {(x1, . . . , xn) ∈ Zn | x1a1 + · · ·+ xnan = 0}
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The case of two generators

A = {a, b}, with (a, b) = 1 and a < b

` : Z2 → Z
(x , y) 7→ xa + yb

• `(x , y) is the label of (x , y)

• ker ` = {(λb,−λa) |λ ∈ Z} = integer points lying on the line
xa + yb = 0

• If m = ua + vb then, for every λ ∈ Z, `((u, v) + (λb,−λa)) = m

• ` is periodic with period (b,−a)
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0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,

22, 23, 24 ,25, 26, . . .
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The case of two generators

The lattice partition

Fλ = {(x , y) ∈ Z2 |λb ≤ x < (λ+ 1)b}
`|Fλ

: Fλ → Z is a bijection

• Positive integers: above the line ax + by = 0
Uλ = {(x , y) ∈ Fλ | ax + by ≥ 0, y ≥ −λa}

`(Uλ) = R(a, b)

Tλ = {(x , y) ∈ Fλ | ax + by > 0, y < −λa}
`(Tλ) = R(a, b)

• Negative integers: below the line ax + by = 0
Lλ = {(x , y) ∈ Fλ | ax + by < 0}
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The case of two generators

Visualization of known results

• g(a, b) = max{`(x , y)|(x , y) ∈ T0} = `(b − 1,−1) = ab − a− b

• N(A) = |R(A)| = (a−1)(b−1)
2
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The case of two generators

Theorem 1

Let m ∈ N and m = `(u, v). Then, d(m; a, b) =
⌊

u
b

⌋
+
⌊

v
a

⌋
+ 1
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The case of three generators

A = {a, b, c}, with (a, b) = 1, a < b, and c ∈ R(a, b)

` : Z3 → Z
(x , y , z) 7→ xa + yb + zc

• `(x , y , z) is the label of (x , y , z)

• ker ` integer points which lie on the plane xa + yb + zc = 0

• If m = ua + vb + wz then, `((u, v ,w) + (λ1, λ2, λ3)) = m for every
(λ1, λ2, λ3) in the plane xa + yb + zc = 0
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The case of three generators

Adding c , 2c , 3c , . . . to the set R(a, b)

k ∈ R(a, b)

• Rk(a, b) = {m = ua + vb + k , u, v ≥ 0} = `(U0 + k)

• Xk = (U0 + k) ∩ T0

• `(Xk) = Rk(a, b) \ R(a, b)

Property 1

R(a, b, c) =
∞⋃
i=0

Ric(a, b)

Property 2 The set of points in T0 whose labels are in R(a, b, c) is
∞⋃
i=0

Xic
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The case of three generators

First representable multiple of c ∈ R(a, b)

c , 2c , . . . , (s − 1)c are in R(a, b) and sc is in R(a, b)

Proposition
If c ∈ R(a, b) and s is the first representable multiple of c on {a, b}, then

R(a, b, c) =
s−1⋃
i=0

Ric(a, b)

Corollary

R(a, b, c) = R(a, b)\
s−1⋃
i=1

`(Xic)
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The case of three generators

Theorem 2
Let c = `(u,−v) ∈ R(a, b). If s = d b

u e ≤ b
a
v c, then s is the first

representable multiple of c and

1 g(a, b, c) =
max{`((s − 1)u − 1,−(s − 2)v + 1), `(b − 1,−((s − 1)v + 1))}

2 N(a, b, c) = N(a, b)− v(s − 1)b + vu s(s−1)
2
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The case of three generators

Theorem 3
Let c = `(u,−v) ∈ R(a, b) and u′ = b − u, v ′ = a− v . If
s = d a

v ′ e ≤ b b
u′ c, then s is the first representable multiple of c and

1 g(a, b, c) =
max{`(−(s − 2)u′ + 1, (s − 1)v ′ − 1), `(−((s − 1)u′ + 1), a− 1)}

2 N(a, b, c) = N(a, b)− u′(s − 1)a + vu s(s−1)
2
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Conclusion

Geometric approach for the Frobenius problem:

• Compute g(A)

• Compute N(A)

• Represent the set of gaps

Work in progress

• Complete the triangle (in an easy way if possible!)

• Study the general case (remove the condition (a, b) = 1)

• Relate the plane representation for {a, b, c} with the 3-dimensional
lattice

• Apply similar techniques for {a, b, c , d}

• Generalize to arbitrary n
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Thank you !!!
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