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The Frobenius Problem: A Geometric Approach
Introduction

The Frobenius problem
(a.k.a. the money changing problem)

A={a1,...,a,} a set of positive integers
e Which is the maximum positive integer that can not be represented

as a positive combination of the elements of A?

There is a solution, denoted by g(as,...,a,), provided that
ged(ag,...,a,) = 1.
Example A= {5,7}

0, 56,7, 10, 11, 12, 13, 14, 15, 17, 18, 19,
20, 21, 22, 23, 24 |25, 26, ...
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Related problems

The number of non-representable integers

A description of the set of non-representable integers

The denumerant of a positive integer m: the number of
representations of m

e Postage stamp problem
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Notation

A={a1,...,an} st. a >0 and gcd(ay,...,a,) =1

e Set of representable integers
R(A) = R(a1,...,an) = {m=x1a1 + xpaz + - -+ + xpan | x; € N}

Set of non-representable integers , or gaps
A)=R(a1,...,a,) = N\ R(A)

The Frobenius number of A .
g(A) =g(a1,...,a,) = maxR(A)

Number of gaps _
N(A) = N(a1,...,a3,) = |R(A)

Number of representations of m, the denumerant of m
d(m; A)
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The case of two generators

n-dimensional lattice

A={a,...,an}, with gcd(ay,...,a,) =1
0 z" — Z

(Xla'”vXn) = X1d1 + -+ Xpan

e [ is an integer labeling of Z". If m = xya; + - - - x,a,, we label the
point of coordinates (xi,...,x,) by the integer m.

e /is linear and surjective, and ker ¢ is the set of integer points lying
on the hyperplane xa; + -+ x,a, =0

kerl = {(x1,...,%a) €Z" | x131 + - - - + x4a, = 0}
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A ={a, b}, with (a,b) =1and a< b

?: 72 — 7
(x,y) = xa+yb

e {(x,y) is the label of (x,y)

e kerl = {(Ab,—Aa) | A € Z} = integer points lying on the line
xa+yb=0

o If m = ua—+ vb then, for every A € Z, {((u, v) + (Ab,—A3)) = m

¢ is periodic with period (b, —a)



The Frobenius Problem: A Geometric Approach
The case of two generators

. = PANGS



The Frobenius Problem: A Geometric Approach

The case of two generators

41 47 52 57 62 67 72 _F7 82 87 92 97 102 107 112 117
35 |40 50 /55 60 |65 |70 |75 B5 |90 |85 100 /105 |110
28 |33 |38 |43 |48 53 58 |63 |68 73 |78 B3 B8 93 |98 [103
21 26 |31 |36 |41 46 |51 |56 |61 66 |71 76 | B1 _B6 |91 |96
14 (19 (24 (29 (34 |39 44 |49 |54 59 |64 69 |74 79 (B4 |B9
7 12 (17 |22 |27 (32 |37 |42 |47 52 |57 62 67 72 |77 |82
-5 o 5 10 |15 |20 (25 (30 |35 |40 45 S0 55 60 65 7O |7S
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The case of two generators

2 7 12 17 22 37 32 37 42 47 52 57 62 67 72 _77 82 _87 _92 _97 102 107 112 117
5 1o |5 |10 |15 25 30 |35 |40 50 (55 60 |65 |70 |75 B85 90 |95 100 105 110
=12 |7 |-2 |3 |8 |13 |18 (23 |28 |33 |38 |43 48 /53 |58 |63 |68 |73 .78 .83 .88 .93 .98 |103
<19 |-14 (9 | -4 |1 |6 |11 |16 |21 |26 |31 |36 |41 46 |51 |56 |61 |66 |71 76 .81 |86 |91 96
-26 |-t (16 |11 |6 | -1 |4 |9 14 |19 |24 |29 |34 30 |44 |49 |54 |59 |64 69 .74 |79 B4 B9
-33 |-28 (-23 |-18 |-13 |-8 |-3 |2 |7 |12 |17 |22 |27 |32 |37 |42 |47 [s52 |57 .62 |67 |72 |77 &2
-40 |-35 [-30 |-25 |-20 |-15 |-10 | -5 Jo |5 |10 (15 |20 (25 |30 [35 |40 |45 |50 55 |60 |65 |v0 |75
-47 |-42 [-37 |-32 |-27 |-22 |-17 |42 J-7 |-2 |3 |@& |13 (18 |23 (28 (33 |38 |43 48 |53 |58 (3 |68
<54 |49 |44 |-39 |-34 |-29 |-24 [-19 |-14 |-9 (-4 (1 |6 |11 |16 |21 |26 (31 |38 |41 |46 |51 |58

-61 |-56 |-51 [-46 |-41 |-38 |-31 |-26 |-21 |-16 [-11 |-6 |-1 | 4 9 |14 |19 |24 |29 (34 (39 44 49 |54
-E8 |-63 |-58 |-53 |-48 |-43 |-38 |-33 |-28 (-23 [-18 |-13 |-8 |-3 2 7 12 (17 |22 |27 |32 |37 |42 |47
-75 |-70 |-85 (-60 |-55 |-50 |(-45 |-40 |-35 |-30 (-25 |-20 |-15 |-10 |-5 | O 5 |10 |15 25 35

-82 |-77 [-72 |-67 |-62 |-57 |-52 |-47 |-42 |-37 |-32 [-27 |-22 |-17 |-22 [-7 [-2 (3 |8 |13 |18 |23 |28 |33
-89 |84 (79 |-74 |-69 |-64 |-50 |-54 |-49 |-44 |-39 [-34 |-29 |-24 |-19 [-14 |-9 [-4 (1 |6 |11 |16 |21 |26
=96 |-91 (-86 |-B1 |-76 |-71 |-66 |-61 |-56 |-51 |-46 [-41 |-36 |-31 |-26 [-21 [-16 [-11 (-6 |-1 |4 |9 |14 |29
+103 |-98 |-93 |-88 [-83 |-78 |-73 |-68 |-63 |-58 |-53 |-48 |43 |-3@ |-33 |-28 |-23 |-18 |-13 |-8 |-3 |2 |7 (12
-110 |-105 |-100 (-95 |-90 |-85 |-80 |-75 |-70 |-65 |-60 |-55 |-50 |-45 |-40 -30 |-25 |-20 |-15 |10 (-5 |0 |5
117 112 |-107 [-102 |-97 |-92 |-87 |-m2 |-77 |-72 |-67 |-62 |-57 |-52 |-47 |-42 [-37 |-32 |-27 |-22 |17 |12 |7 -2
124 |-119 |-114 [-109 (104 |-99 |-94 |-89 |-84 |79 |-74 |-69 |-64 |-50 |-54 |-49 |44 |-39 |-34 |-20 |-24 |-29 |-14 |9
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2 7 12 17 22 37 32 37 42 47 52 57 62 67 72 _77 _82 _87 _92 _97 102 107 112 117
- 0 (5 |10 |15 25 30 |35 |40 |45 50 55 60 |65 70 |75 |80 (@5 |90 |95 100 105 110
“12 | -7 ™2 |3 |8 |13 |18 (23 |28 |33 (38 |43 48 |53 |58 |63 |68 |73 .78 .83 |88 |93 .98 |103
-19 |-14 | -9 \ 1 /6 l11 16 |21 |26 [31 |36 41 |46 |51 .56 |61 |66 |71 |76 |81 |86 _91 |96
-26 |-11 [-16 |-11 9 |14 19 |24 |29 |34 |39 44 40 |54 |59 |64 (69 .74 79 B4 |89
-33 |-28 [-23 |-18 |-13 2 |7 |12 |17 |22 |27 |32 .37 42 |47 |52 |57 |62 (67 .72 |77 |m2
-40 |-35 [-30 |-25 |-20 - 0O |5 |10 |15 |20 |25 30 (35 |40 |45 |50 (55 (60 65 70 |7S
47 |-42 |-37 [-32 |-37 [-22 |17 [-12 |-7NG2 [3 |8 |13 118 |23 |28 (33 |38 |43 (48 |53 (5B |63 |68
-54 |-49 |-44 |-39 |-34 |-29 |-24 |-19 |-14 -9\\ 1 |6 111 (16 |21 (26 |31 |36 (41 46 |51 |56

-61 |-56 |-51 |-46 |-41 |-386 |-31 |-26 |-21 [-18 [-11 | -& 4 9 |14 |19 |24 (29 (34 (39 44 49 |54
-68 |-63 (-58 |-53 |-48 |-43 |-38 |-33 |-28 |-23 |-18 [-13 [-8 N3 12 7 12 (17 |22 |27 |32 |37 |42 |47

-3
=75 |-70 |-65 |-60 |-55 |-50 |-45 |-40 |-35 (-30 |-25 |-20 |-15 |-10 | - o 5 |10 |15 25 35
-82 |-77 |-72 |-67 |-62 |-57 |-52 |-47 |-42 |-37 |-32 |-27 |-22 |-17 |-12 |-7 N2 |3 e 113 |18 123 |28 |33
~N
-89 |84 (79 |-74 |-69 |-64 |-50 |-54 |-49 |-44 [-39 [-34 |-29 |-24 |-19 [-14 |- 1 16 ‘11 16 |21 (26
=96 |-91 (-86 |-B1 |-76 |-71 |-66 |-61 |-56 |-51 [-46 [-41 |-36 |-31 |-26 [-21 [|-16 [-11 4 |9 14 |19
103 |-98 |-93 |-88 [-83 |-78 |-73 |-68 |-63 |-58 |-53 |-48 |43 |-38 |-33 |-28 |-23 |-18 N 12 |7 |12
=

+110 |-105 |-100 (-95 |-90 |-85 |-80 |-75 |-70 |-65 |-60 |-55 |-50 |45 |-40 |-35 [-30 |-25 |-20 |-15 |-10 |- o (s
117 112 |-107 [-102 [-97 |-92 |-87 |-m2 |-77 |-72 |-67 |-62 |-57 |-52 |-47 |-42 [-37 |-32 |-27 |-22 |-17 |-12 |-7 -2
124 119 |-114 [-109 104 |-99 |-94 |-89 |-84 |-79 |-74 |-69 |-64 |-50 |-54 |-49 |44 |-39 |-34 |-20 |-24 |-19 |-14 |9
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0,1, 2 3 45,6 7,8 9 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23, 24 25, 26, ...

-4 1 6 11 16 21 26 31 36 41 46 51 56 61

-11 X -1 4 9 14 19 24 29 34 39 44 49 54

/
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The lattice partition

Fr={(xy) € Z2|Ab < x < (A +1)b}
liF, - Fx — Z is a bijection

e Positive integers: above the line ax + by =0
Uy ={(x,y) € Fx|ax+ by >0,y > —)a}
L(Uy) = R(a, b)

Th={(xy) € F>\|axi— by >0,y < —\a}
{(Tx) = R(a, b)

e Negative integers: below the line ax + by =0
Lyx={(x,y) € Fx]ax+ by <0}
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Visualization of known results

o g(a,b) = max{l(x,y)|(x,y) € To} =f(b—1,—-1)=ab—a—b
o N(A) = [R(A)| = =1

A
\\
~ \‘
N ™
b \\ 1
111 N | £(br1,-1)=ab-a-b=g(a,b)
"l ; -\\
N \‘\
s ~ xa+yb=g(a,b)
A(TO)- (a-l Y(b-1 )/2— N
N\ xa+yb=0
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Theorem 1
Let me Nand m={(u,v). Then, d(m;a,b) = |4] + [%] +1
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Theorem 1
Let me Nand m={(u,v). Then, d(m;a,b) = [4]+ [%|+1
x=-b x=0 x=h x=2b
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Theorem 1
Let me Nand m={(u,v). Then, d(m;a,b) = [4]+ [%|+1
x=-b x=0 x=h x=2b
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The case of two generators

Theorem 1
Let me Nand m={(u,v). Then, d(m;a,b) = [4]+ [%|+1
x=-b x=0 x=h x=2b
Ghiat i .
\1 ¢ | HEHAE
————————————— - G <>: o :—— y=a
g .
______________ é,________.______ LS . SHE y=0
; g:) --------------- T j,l’j'b"“" <I>_- y=-a
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The case of three generators

A={a, b,c}, with (a,b) =1, a < b, and c € R(a, b)

0 73
(x,y,2)

Z
xa+ yb+ zc

_
—
e ((x,y,z) is the label of (x,y, z)
e ker/ integer points which lie on the plane xa+ yb+ zc =0

e If m=ua+ vb+ wz then, {((u,v,w)+ (A1, A2, A3)) = m for every
(A1, A2, A3) in the plane xa+ yb+ zc =0
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Adding k to the set R(a, b)
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Adding k to the set R(a, b)
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Adding k to the set R(a, b)

+——Ffp—>4«—F——»

A ——Fs >
.\_\
b
k
| .\_\
k=£(U,v)=ua+vb | N
m={(u’,V")=u"a+v'b |
!
S Y ) Ot ot | N
m=(u'-w)a+(v-v)b+k | N
[T =
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Adding ¢, 2c¢, 3c, ...to the set R(a, b)

k € R(a, b)

o Ri(a,b)={m=uva+vb+k,u,v>0}="~0U+ k)
o Xi=(Uh+k)N Ty
* {(Xk) = Ri(a, b) \ R(a,b)

Property 1

R(a, b, ¢) UR,Cab

Property 2 The set of points in To whose labels are in R(a, b, ¢) is

D Xic
i=0
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First representable multiple of ¢ € R(a, b)

¢, 2¢c,...,(s —1)c are in R(a, b) and sc is in R(a, b)
Proposition
If c € R(a, b) and s is the first representab/e multiple of ¢ on {a, b}, then

R(a, b, c) UR,C(ab

Corollary
s—1

R(a,b,c) = R(a, b)\ | ] €(X:c)

i=1
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I

g(ab,c)=max {£(u-1,-1), £(b-1,-(v+1))}

N(a,b,c) = N(a,b) - (b-u)v

c=£(2u;2

)
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Theorem 2 -
Let ¢ = £(u,—v) € R(a, b). If s =[2] < |2], then s is the first
representable multiple of ¢ and

® g(a,b,c) =
max{{((s—Du—-1,—(s—2)v+1),4b—-1,—((s—1)v+1))}

@ N(a,b,c) = N(a,b) — v(s — 1)b + vutsr)

(=]
3c=£(3u,~3v)

o
4c={(4u,-4v)
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Theorem 2 -
Let ¢ = £(u,—v) € R(a, b). If s =[2] < |2], then s is the first
representable multiple of ¢ and

® g(a,b,c) =
max{{((s—Du—-1,—(s—2)v+1),4b—-1,—((s—1)v+1))}

@ N(a,b,c) = N(a,b) — v(s — 1)b + vutsr)

(3u-1,-2v-1)

s
acf(an oy R

o
4c={(4u,-4v)

g(a,bx:):ma)-l{ {£(3u-1,-2v-1), £ (b-1,-3v-1)}

N{a,b,c) = N{a,b) - (b-u)v - (b-2u)v - (b-3u)v :
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Theorem 3 -
Let c=f(u,—v) € R(a,b) and v/ =b—u, v =a—v. If

s=1[27<|%], then s is the first representable multiple of ¢ and
v u

® g(a,b,c) =
max{l(—(s —2)u" +1,(s —1)v' = 1), 4(—((s — 1)/ + 1),a— 1)}

@ N(a,b,c) = N(a,b) — /(s — 1)a+ vuFY

\i Sc={(-5u',5v"),

c={(-4u",4v")

(0,0
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Theorem 3 -
Let c=f(u,—v) € R(a,b) and v/ =b—u, v =a—v. If

s=1[27<|%], then s is the first representable multiple of ¢ and
v u

® g(a,b,c) =
max{l(—(s —2)u" +1,(s —1)v' = 1), 4(—((s — 1)/ + 1),a— 1)}

@ N(a,b,c) = N(a,b) — /(s — 1)a+ vuFY

\15::4(-511’,5\;') o (-4u-1,a-1)

L]
C=£('4U',4\J") (=3u'-1, 4v'-1)

g(a,b,c)=max if (-1,v-1), £ (b-1,v+1) ]
N(a,b,c) = N(a,b) - u'v’ - 2u'v’ - 3u'v’ - 4u'(a-4v')

(0,0
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Not so easy...

HirH+

H4+H

HeFH+H




Sc={(5u,-5v)

-4v)

«F

Not so easy...
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Not so easy...

c= £(u,—\.r.

2e={(2u> %

4c={(4u,-4v)

Sc={(5u,-5v)

E
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The case of three generators

Not so easy...

N

(0,0) Ry

= LU~ dcb——

2e={(2u>

o 3c={(3u-3v)

4c={(4u,-4v)

Sc={(5u,-5v)

B



The Frobenius Problem: A Geometric Approach
The case of three generators

Not so easy...

Thm 3

H-H-H-

am
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Conclusion

Geometric approach for the Frobenius problem:
e Compute g(A)
e Compute N(A)
o Represent the set of gaps

Work in progress

e Complete the triangle (in an easy way if possible!)

Study the general case (remove the condition (a, b) = 1)

Relate the plane representation for {a, b, c} with the 3-dimensional
lattice

Apply similar techniques for {a, b, c, d}

Generalize to arbitrary n



The Frobenius Problem: A Geometric Approach
Conclusion



	Introduction
	The case of two generators
	The case of three generators
	Conclusion

