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The hierarchical product

The hierarchical product

Definition [B, Comellas, Dalfó, Fiol, 2008]
For i = 1,. . . ,N, Gi graph rooted at 0, H = GN u · · · u G2 u G1

• vertices xN . . . x3x2x1, xi ∈ Vi

• if xj ∼ yj in Gj then
xN . . . xj+1xj0 . . . 0 ∼ xN . . . xj+1yj0 . . . 0

Example

The hierarchical products K2 u K3 and K3 u K2
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The hierarchical product

GN u · · · u G2 u G1 is a spanning subgraph of GN 2 · · · 2 G2 2 G1

Example

The hierarchical product P4 u P3 u P2
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The hierarchical product

Example

The hierarchical power C 3
4
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The generalized hierarchical product

The generalized hierarchical product

For i = 1,. . . N, Gi graph, and for i ≤ N − 1, ∅ 6= Ui ⊆ Vi ,
H = GN u · · · u G2(U2) u G1(U1)

• vertices xN . . . x3x2x1, xi ∈ Vi

• if xj ∼ yj in Gj and ui ∈ Ui , i = 1, . . . , j − 1 then
xN . . . xj+1xjuj−1 . . . u1 ∼ xN . . . xj+1yjuj−1 . . . u1

Example

K 3
3 = K3 u K3(U2) u K3(U1), with U1 = U2 = {0, 1}
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The generalized hierarchical product

Paticular extreme cases

• (Standard) hierarchical product
For all 1 ≤ i ≤ N − 1, Ui = {vi} ⇒
H = GN u · · · u G2(U2) u G1(U1) = GN u · · · u G2 u G1

(assuming that vi is labeled 0)

• Cartesian product
For all 1 ≤ i ≤ N − 1, Ui = Vi ⇒
H = GN u · · · u G2(U2) u G1(U1) = GN2 · · ·2G22G1
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The generalized hierarchical product

Hierarchy

H = GN u · · · u G2(U2) u G1(U1)

• z ∈ VN × · · · × Vk+1 ⇒ H〈zxk . . . x1〉 subgraph of H induced
by the set {zxk . . . x1 | xi ∈ Vi , 1 ≤ i ≤ k}

• z ∈ Vk−1 × · · · × V1 ⇒ H〈xN . . . xkz〉 subgraph of H induced
by the set {xN . . . xkz | xi ∈ Vi , k ≤ i ≤ N}

Lemma

(a) H〈zxk . . . x1〉 = Gk u Gk−1(Uk−1) u · · · u G1(U1)

(b) z ∈ Uk−1 × · · · × U1 ⇒
H〈xN . . . xkz〉 = GN u GN−1(UN−1) u · · · u Gk(Uk)

(c) z /∈ Uk−1 × · · · × U1 ⇒ H〈xN . . . xkz〉 = m K1, where
m = nN · · · nk
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The generalized hierarchical product

Example

K 3
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The generalized hierarchical product

Degree

• v = xNxN−1 . . . x2x1 ∈ H = GN u · · · u G2(U2) u G1(U1)

degH(v) = degG1
(x1) + χU1(x1) degG2

(x2) + · · ·
+χU1(x1) · · ·χUN−1

(xN−1) degGN
(xN)

• The minimum and maximum degree of H are

δH = min{δG1(U1), δG1(U1) + δG2(U2), . . . ,

δG1(U1) + · · ·+ δGN−1(UN−1) + δGN
}

∆H = max{∆G1(U1),∆G1(U1) + ∆G2(U2), . . . ,

∆G1(U1) + · · ·+ ∆GN−1(UN−1) + ∆GN
}
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The generalized hierarchical product

For all i = 1, 2, . . . ,N, ni = |V (Gi )|

• For all i = 1, 2, . . . ,N, Gi is δi -regular ⇒
H = GN u · · · u G2(U2) u G1(U1) contains exactly

• nN(nN−1 − |UN−1|) vertices of degree δN
• nN |UN−1|(nN−2 − |UN−2|) vertices of degree δN + δN−1

...
• nN |UN−1||UN−2| · · · |U2|(n1 − |U1|) vertices of degree
δN + · · ·+ δ2

• nN |UN−1||UN−2| · · · |U1| vertices of degree δN + · · ·+ δ1
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The generalized hierarchical product

Associativity

Proposition

For i = 1, 2, 3, let Gi be a graph and, for i = 1, 2, Ui ⊆ Vi . The
generalized hierarchical product satisfies

G3 u G2(U2) u G1(U1) = G3 u
(
G2 u G1(U1)

)
(U2 × U1)

=
(
G3 u G2(U2)

)
u G1(U1)

Can be easily generalized to the case of N factors.
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Metric parameters

Metric parameters

Definition (Distance through U)

G = (V ,E ), ∅ 6= U ⊂ V

• pG(U)(x , y) path from x to y through U, if intersects U

• distG(U)(x , y) = min length(pG(U)(x , y))

Remark distG(U)(x , x) = 0⇔ x ∈ U

• Mean distance through U: dG(U) =
1

n2

∑
x ,y∈V

distG(U)(x , y)

• Eccentricity through U: eccG(U)(x) = maxy∈V distG(U)(x , y)

• Radius through U: rG(U) = minx∈V eccG(U)(x)

• Diameter through U: DG(U) = maxx∈V eccG(U)(x)
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Some Properties on the Generalized Hierarchical Product of Graphs

Metric parameters

x = (x2, x1), y = (y2, y1) ∈ H = G2 u G1(U1)⇒

distH(x, y) = distG2(x2, y2) + distG1(U1)(x1, y1)

Theorem
H = G2 u G1(U1), U1 ⊂ V1, n2 = |V2|
(a) Mean distance:

dH = dG2 +
1

n2

(
dG1 + (n2 − 1)dG1(U1)

)
(b) Eccentricity of x = (x2, x1) ∈ V :

eccH(x) = eccG2(x2) + eccG1(U1)(x1)

(c) Radius:
rH = rG2 + rG1(U1)

(d) Diameter:
DH = DG2 + DG1(U1)
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Hamiltonian cycles

Hamiltonian cycles: sufficient conditions

Proposition

If G1, G2 Hamiltonian and G1[U1] contains two consecutive edges
of a Hamiltonian cycle of G1, then H = G2 u G1(U1) is
Hamiltonian.

Sketch A Hamiltonian cycle in G2 u G1(U1) going through three
copies of G2 and n2 copies of G1.
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Hamiltonian cycles

Proposition

If G1, G2 Hamiltonian, n2 = |V2| is even, and G1[U1] contains one
edge of a Hamiltonian cycle of G1, then H = G2 u G1(U1) is
Hamiltonian.

Sketch A Hamiltonian cycle in G2 u G1(U1) going through two
copies of G2 and n2 copies of G1 when n2 is even.
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Vertex- and edge-coloring

Vertex-coloring

χ(G ) chromatic number of G

• χ(G2 2 G1) = max{χ(G2), χ(G1)} [Sabidussi, 1957]

Proposition

χ
(
G2 u G1(U1)

)
= max{χ(G2), χ(G1)}

Proof.
G1, G2 < G2 u G1(U1) < G22G1
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Vertex- and edge-coloring

Edge-coloring

χ′(G ) chromatic index of G

• ∆G ≤ χ′(G ) ≤ ∆G + 1 [Vizing, 1964]
(G of class 1 if χ′(G ) = ∆G , G of class 2 if χ′(G ) = ∆G + 1)

• if one of the graphs G1 or G2 is of class 1 then G2 2 G1 is of
class 1 [Mahmoodian, 1981]

Proposition

χ′(G2 u G1) = max{∆G2 + d0, χ
′(G1)}

Proof.
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Vertex- and edge-coloring

Proposition

max{∆G2 + ∆G1(U1), χ
′(G1)} ≤

≤ χ′(H) ≤ max{χ′(G2) + ∆G1(U1), χ
′(G1)}

Corollary

• if G1 is of class 1 and ∃u ∈ U1, degG1
(u) = ∆G1 , then

χ′(H) = ∆G2 + ∆G1

• if G2 is of class 1 then χ′(H) = max{∆G2 + ∆G1(U1), χ
′(G1)}
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Connectivity

Vertex connectivity of H = G2 u G1(U1)

Cartesian product: H = G22G1, i.e., U1 = V1

κ(G22G1) = min{κ1|V2|, κ2|V1|, δ1 + δ2},

κi = κ(Gi ) and δi = δ(Gi ) [Špacapan 2007]

Connectivity relative to U
G = (V ,E ) graph, U  V

κ(U|U) = min{|S | : S ⊂ V ,∃u ∈ G − S s.t. @ path from u to U}

Proposition

U1  V1 ⇒ κ(G2 u G1(U1)) ≤ min{κ1|V2|, κ(U1|U1), δH},
where δH = min{δG1(U1), δG1(U1) + δG2}.
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See the poster on Algebraic properties of the
generalized hierarchical product !!!
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Thank you !!!
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