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The hierarchical product

Definition [B, Comellas, Dalfé, Fiol, 2008]
Fori=1,...,N, G; graph rooted at 0, H= Gy M --- M Gy N Gy

e vertices xy . ..x3x0x1, X; € V;
e if x; ~ y; in G; then
XN - Xjgp1x0...0 ~ Xy .. Xj41y0...0

Example
The hierarchical products K> 1 K3z and K3 1 Ky

"ANA Y
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The hierarchical product

Gy T---T1 Gp M Gy is a spanning subgraph of Gy O

Example

The hierarchical product P4 P31 Py
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Example
The hierarchical power C3}
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The generalized hierarchical product

Fori=1,...N, G; graph, and for i <N -1, @ # U; C V,,
H = GNI_I---|_|G2(U2)|_|G1(U1)

e vertices xy . ..x3xox1, X; € V;
e ifxi~yjinGjandujc U;, i=1,...,j —1 then
XN - Xjp1XjUj—1 ... U1 ~ XN .- Xjp1YjUj—1 ... U1

Example
K33 = K31 K3(U2) M K3(U1), with Uy = Up = {O, 1}
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Paticular extreme cases

e (Standard) hierarchical product

Forall1<i<N-1, U ={vj} =

H= GNI_I---I_IGQ(UQ)l_IGl(Ul):GN|_|--'|_|G2|_|G1

(assuming that v; is labeled 0)

e Cartesian product
Forall 1<i<N-1,U;=V,=>

H=GymM---1M G2(U2) M G1(U1) = GO
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Hierarchy

H=GyM---1 G2(U2) M Gl(Ul)
e z€ Vyx-+x Vg1 = H({zxk...x1) subgraph of H induced
by the set {zxx...x1|x; € V;,1 <i <k}
eze Vi1 x---x Vi = H(xy...xxz) subgraph of H induced
by the set {xn...xxz|x; € Vi, k <i < N}

Lemma

(a) H<ZXk .. .X1> = G, I Gk—l(Uk—l) RN G1(U1)
(b) zec U1 x--x U =
H<XN .. .XkZ> = Gy M GN,l(UNfl) [e--Tl Gk(Uk)

(C) Z¢ U1 x - x U = H<XN...XkZ>:mK1, where
m:nN-..nk
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Example

Kg’ = K3 K3(U2) M K3(U1), with U; = Uy = {0, 1}
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Example

K?? = K3 K3(U2) M Kg(Ul), with U; = Uy = {0, 1}
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Degree

o V=xyxy_1...%0x1 € H= Gy -1 Gy(Up) M G1(U1)

degy(v) = degg, (x1) + xu, (x1) degg,(x2) + - - -
+Xu (x1) - Xuy_, (Xn—1) degg,, (xn)

e The minimum and maximum degree of H are

5H = min{(Scl(Ul), 5Gl(U1) + 6G2(U2)’ R
OGy(ur) T+ 06y s (Un-y) 6y}

Ay = maX{AG1(U1)’ AG1(U1) + AGQ(UQ)’ cee
A+ + D6y y(Uyy) t Day}
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Forall i=1,2,...,N, nj =|V(G))|

e Foralli=1,2,..., N, G;is d;-regular =
H= GyM---M Gy(Uz) M G1(U1) contains exactly

e ny(ny—1 — |Un—1]) vertices of degree
o ny|Un—1|(ny—2 — |Un—2]) vertices of degree oy + dn—1

o ny|Un—1||Un=2| - |Us|(ny — |Uy]) vertices of degree
On+ -+ 02

nn|Un—1]|Un—2] - - - |Uy| vertices of degree oy + -+ 81
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Associativity

Proposition
Fori=1,2,3, let G; be a graph and, for i = 1,2, U; C V;. The
generalized hierarchical product satisfies

Gz M GQ(UQ) I Gl(Ul) = G3 MM (Gz M Gl(Ul))(Uz X Ul)

= (63N Ga(U)) M G1(Ur)

Can be easily generalized to the case of N factors.
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Metric parameters

Definition (Distance through U)

G=(V.E),o£UcCV
* pg(u)(x,y) path from x to y through U, if intersects U
e distg(y)(x, y) = minlength(pg(u)(x; y))

Remark distg(yy(x,x) =0& x € U

¢ Mean distance through U: dg(y) = % Z distg(uy(x,y)
x,yeV

e Eccentricity through U: eccg(y)(x) = max,cv distgy)(x, y)

e Radius through U: rg(y) = minyey eccgyy(x)

¢ Diameter through U: Dg(y) = maxxev eccg(u)(x)
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Metric parameters

x=(x2,x1), Yy = (y2,01) € H= G N G1(U1) =

disty(x,y) = distg,(x2, y2) + distg, (1) (x1, y1)

Theorem
H= G G1(U1), Ui Cc Vi, np= |V2‘

(a) Mean distance:
1
dy = dGz + n72 (dG1 + (n2 - 1)dG1(U1))
(b) Eccentricity of x = (x2,x1) € V:
eccy(x) = eccg,(x2) + eCCG1(U1)(X1)
(c) Radius:
rH =16, + G (Uy)

(d) Diameter:
DH = DG2 + DG1(U1)
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Hamiltonian cycles

Hamiltonian cycles: sufficient conditions

Proposition

If G1, Gy Hamiltonian and Gi1[U;] contains two consecutive edges
of a Hamiltonian cycle of Gy, then H = G, 11 G1(U) is
Hamiltonian.

Sketch A Hamiltonian cycle in G, M G1(U;) going through three

copies of Gy and n copies of Gl
G, G

Vayptay M
ViviVauviVs
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Hamiltonian cycles

Proposition

If Gi, Gy Hamiltonian, ny = |V4| is even, and Gi[U1] contains one
edge of a Hamiltonian cycle of Gy, then H = G, 1 G1(U1) is
Hamiltonian.

Sketch A Hamiltonian cycle in G, 1M G1(U1) going through two
copies of G, and ny copies of G; when n is even.
G, G G, G, R G,
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Vertex-coloring

X(G) chromatic number of G

* x(G20Gr) = max{x(Gz), x(G1)} [Sabidussi, 1957]

Proposition
X(G2M Gi(Uh)) = max{x(G2), x(G1)}

Proof.
G1, Go < G M Gl(Ul) < GOG;
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Edge-coloring

X'(G) chromatic index of G
o Ag < Y(G) < Ag + 1 [Vizing, 1964]
(G of class 1 if X'(G) = Ag, G of class 2 if ¥/(G) = Ag+1)

e if one of the graphs G; or Gy is of class 1 then G, O G is of
class 1 [Mahmoodian, 1981]

Proposition
X' (G2 Gy) = max{Ag, + do, X'(G1)}
Proof.
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Proposition
max{Ag, + Ag, (), X'(G1)} <
<X'(H)<m

(H) < max{X'(G2) + Ag, (), X'(G1)}

Corollary

o if Gy is of class 1 and u € Uy, degg, (u) = Ag,, then
X'(H) = Ag, +Ag
o if Gy is of class 1 then x'(H) = max{Ag, + Ag, (1), X' (G1)}
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Vertex connectivity of H = G, M Gy (Uy)

Cartesian product: H = GoOGy, ie.,, Uy = V4
k(G20Gy) = min{k1|Val, k2| V4], 01 + d2},

ki = k(G;) and 6; = §(G;) [Spacapan 2007]

Connectivity relative to U
G =(V,E) graph, U S V

k(U|U) = min{|S| : Sc V,3ue G — S s.t. B path from u to U}
Proposition
Ui ¢ Vi= H(GQ M Gl(Ul)) < min{/ﬂ]Vg\,/@(UﬂUl),éH},

where 6y = min{éGl(Ul), 5G1(U1) +d6,}-
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See the poster on Algebraic properties of the
generalized hierarchical product !!!
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Thank you
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