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Definition

T, is the rooted tree with V = ZZ5' and the adjacencies defined by:
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01 11
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two vertices are adjacent iff they differ in exactly one position and
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Basic Properties

e 7, has order n = 2™ and size 2™ — 1.

e T, is a spanning subtree of the hypercube @,,.
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Degrees Sequence

T,, has 2 vertices of degree m and 2”7 vertices of degree j:

o 5(0)=8(10m710) =m

their maximum common suffix either is empty or contains only Os.

e The root of T, is 0 =00...0 ® I ="Tm-1M K e S(wl00?710)=j,forweZy ? and 1 <j<m-— 1.
o TF =T, —0=U"" T

Ty = K
o 1§ 1 .o 0.10m10) = Ty — o2 T [Vl | | TV Symmetry

: m— ~ P ition 1
where the operator “I” indicates the hierarchical product. (Vi = {iw|w € Zg 1} and T, [Vi] = Th—1) FOPOSILIOn
For every m > 1, the automorphism group of 7, is Ss.
Spectral Properties
The Adjacency Matrix of 7
! Y . /(0110100 0)
1 001 01 0 O
0 1 1 0 1 0000 0 1 0
B (0 1 11 0 0 1 01 0 0 0 0 0 1 ( Apor I
Ao = (0) Al_(1 o) A2=11 0 0 0 A=11 000000 0 A’m_( I 0)
0O 1 0 O 0O 1 0 0 0 0 0 O
00 1.0 0000 where the dimensions of each block are 2m~1 x 2m~1
\0 001000 0)

The Characteristic Polynomial of 7,,

xl — Am—l —TI

Om(x) = det(xI—A,,) = det ( 7 T

) = det((@* )T Ap-1) = det (o((0- ) T-An-1)) = %61 (a-2)

Eigenvalues

bun(2) = oF s (z— 1) =

If \; € evT,,_1 and \g;, \1; are the solutions of 22 — \;x — 1 =0, then A\g;, \i; € evTl,.

Properties

e Every eigenvalue of 1},_1 gives rise to two eigenvalues of 1;,.

— 1y _ /)2 . :
fo(A) == i()\ A2 +4) o Noi = fo(A) and Ay; = f1 (M) e All the 2™ eigenvalues are different: evT,, = { Ao, A1,..., An_1}
_ 1 2
J1(A) = 3(A+ VAT +4) e The natural order in Z3* gives a natural order in ev7,,.
Ay =0 \ e For every ¢ € ZI', \; = —\g, where 1(=n — ©) denotes the ones’complement of 4.

ev Ty ={Ni|i€Z} ¢ = Xi= (fi_1 00 fiy 0 fi,)(0)

L=1m—-1tm—-2...70

Asymptotic Behavior

Proposition 2

The asymptotic behaviors of the maximum eigenvalue (spectral radius), p,, = maxo<i<n—1{|Ai|} = M11..1,
and the minimum positive eigenvalue, o, = ming<;<,—1{|A:|} = A100...0, of the hypertree T}, are

Pm ~ V2m, o, ~1/vV2m

Proposition 3 2495 -1.886  -1.434 -1.266 -0.789 4
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For every fixed r > 0, let {)\(T) = A{1 17 }m>k, that is, A = Ym denotes the (r + 1)-th largest eigenvalue )\5,1;) P 29 = Ay

Tm = A100...0
of T,,. Then, the asymptotic behavior of )\(mr) is:

A~V 2m.

Distribution of All the Eigenvalues of Hypertrees
1= w072 and 3 = wly; or
1=w and 7 = wlyy; or

Definition (Order in U evT,,) Leti,j € Z5and let w be their maximum common prefix. We say that ¢ <7 j iff
m 1= w07 and 3 = w

Theorem 4

The set of all the eigenvalues, U evl, = {\;i|1 € Zs}, satisfies: (a) For every ¢,j € Z3, i <7 j if and only if \; < Aj-
m
(b) The interval determined by two consecutive eigenvalues of dimension m,

contains exactly 2% consecutive eigenvalues of T}, 41, for k > 1.

(¢) The two successions {10050 k>0 and {01151 Fe>0 have both limit Aqp.
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Eigenvectors

For any digraph, the components of its eigenvalues can be seen as charges Proposition 5

on each vertex. The charge of a vertex ¢ € V' is the corresponding entry
v; of v, and the equation Av = A\v means that

Every \;-eigenvector u; of the hypertree T;,,_1 gives rise to the following eigenvectors of 7},:

T

Up; = (Uz', Oéoz'ui) 3 !

w1 = (Ug, a13u;)
Zvj = \v; forevery ie€V.

1—)]

—1

where ag; = fo(—X;) and a1; = f1(—\;), with corresponding eigenvalues \g; = ozgz-l and A\i; = aj; .

That is, each vertex “absorbs” the charges of its out-neighbors to get a Ao =
final charge A times the one it had originally. To ap = fo(0) 17 a1 = f1(0)
Ve ~N
1 1
1 1
- = ~ — - < o
w0 = FollL = ao = (-1 = e =h) o=
— - ~ ~
T, -11—11 1 1 -11—11 11—11
0618 0618  -1.618 1618 1618 1618 0618 0.618
Aoo = —1.618 Xo1 = —0.618 Ao = 0.618 A1 = 1.618
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