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The Hierarchical Product of Graphs
Introduction

Motivation

Complex networks: randomness, heterogeneity, modularity

e M.E.J. Newman. The structure and function of complex networks.
SIAM Rev. 45 (2003) 167-256.

Hierarchical networks: degree distribution, modularity

e S. Jung, S. Kim, B. Kahng. Geometric fractal growth model for
scale-free networks. Phys. Rev. E 65 (2002) 056101.

e E. Ravasz, A.-L. Barabasi, Hierarchical organization in complex
networks, Phys. Rev. E 67 (2003) 026112.

e E. Ravasz, A. L. Somera, D. A. Mongru, Z. N. Oltvai, A.-L.
Barabadsi, Hierarchical organization of modularity in metabolic
networks, Science 297 (2002) 1551-1555.
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The Hierarchical Product of Graphs
Introduction

Our work

e Deterministic graphs
e Algebraic methods

e Far from "real networks”

but a beautiful mathematical object !!!
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Introduction
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The Hierarchical Product of Graphs
The hierarchical product
Definition and basic properties

Definition
For i=1,...N, G; graph rooted at 0
H=GyM---MG MGy

e vertices xy ...Xx3xox1, X; € V;
e if x; ~ y;j in Gj then
XN - Xj41X0...0 ~ xy .. Xj41y50...0

Example
The hierarchical products K> T K3 and K3 1 Kb
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The Hierarchical Product of Graphs
The hierarchical product
Definition and basic properties

Gy M ---M G M Gy is a spanning subgraph of Gy O

Example
The hierarchical product P4 P31 Py
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The Hierarchical Product of Graphs
The hierarchical product
Definition and basic properties

GN =¢Gn N, MG is the hierachical N-power of G

Example
The hierarchical powers K2, Ké‘ and K25
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The Hierarchical Product of Graphs
The hierarchical product
Definition and basic properties

Example
The hierarchical power Cf

o
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The Hierarchical Product of Graphs
The hierarchical product
Definition and basic properties
Order and size
ni = |Vi| and m; = |Ej|
H=GyM---NG NGy

® Ny =nyN---N3N2nN
N

* My = E mgng41...N0N
k=1

Properties of I
e Associativity. G3M G MGy = G3M(GMGy) = (GsNG)M Gy
e Right-distributivity. (G3U G2) M G1 = (G311 G1) U (G2 M Gy)
o Left-semi-distributivity. G (GoUG1) =(G3M Go) UnzGy,
where n3G; = K, 1 Gy is n3 copies of Gy
e GNKi=KiNG=G

(G,M) is a monoid



The Hierarchical Product of Graphs
The hierarchical product

Vertex hierarchy

Degrees

o If §; = 06,(0), then

(. Z(s

OX—XNXNl XkOO...O,Xk#0:>

k-1
= Z 0i + 96, (xk)
i—1

e If G is d-regular, the degrees of the vertices of GV follow an
exponential distribution, P(k) = v~k for some constant
For k=1,...,N —1, GN contains (n — 1)n"=k vertices with
degree ké and n vertices with degree N§



The Hierarchical Product of Graphs
The hierarchical product
Vertex hierarchy

Example
Tm = KJ" has 2m=k vertices of degree k =1,...,m — 1, and two
vertices of degree m

x 001000 101000
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0o0001@ O 0010010 o 1000010 O 1010010 O
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ooo011g 000111 0010119 O0a1111 100011@ 00111 1010119 701111
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0100110 010111 011011© Oh11111 110011Q Qi1g1qy 1TMONO Ol11111



The Hierarchical Product of Graphs
The hierarchical product
Vertex hierarchy

Modularity

H= GyM---1 Gy M Gy, z an appropriate string
H<ZXk ...X1> = H[{ZXk. . .X1|X,' eV,1<i< k}]
H{xy...xkz) = H[{xn ... xkz|x;i € Vi, k < i < N}]
Lemma

o H(zxx...x1) = GxM---1 Gy, for any fixed z

° H<XN...Xk0>: Gy M---1 Gy

o H{xn...xxz) = (nn---nk)Ki, for any fixed z # 0
H*=H-0
Lemma

o (GNM---MGNG) =Ur (G MG q1M---NG)

o (KY)" = Uio K&

o K} —{{0,10}} = K’ TU K



The Hierarchical Product of Graphs
The hierarchical product
Vertex hierarchy

Example
Modularity and symmetry of T, = K"
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The Hierarchical Product of Graphs
The hierarchical product
Vertex hierarchy

Example
Modularity and symmetry of T, = K"
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The hierarchical product
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Modularity and symmetry of T, = K"
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The hierarchical product
Vertex hierarchy

Example
Modularity and symmetry of T, = K"
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The Hierarchical Product of Graphs
The hierarchical product
Vertex hierarchy

Example
Modularity and symmetry of T, = K"
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The Hierarchical Product of Graphs
The hierarchical product
Vertex hierarchy

Example
Modularity and symmetry of T, = K"




The Hierarchical Product of Graphs
The hierarchical product

Metric parameters

Eccentricity, radius and diameter

H=GyM---M Gy Gy
ei = eccg;(0), rg, = rn and Dg,, = Dy
p; shortest path routing of G;, i=1,..., N

Proposition

e {p;}i=1..n induce a shortest path routing p in H

e The eccentricity, radius and diameter of H are

N N—1 N—1
eccy(0) = Zei, rmH=rn+ Zéi, Dy = DN+2Z6i
i—1 i—1 -1
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The hierarchical product

Metric parameters

Proof.
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The Hierarchical Product of Graphs
The hierarchical product

Metric parameters

Mean distance

G graph of order n

Mean distance. dg =

1
Local mean distance. d2 = = E dist (0, v)
n
veV

Proposition

00 _ 0 0
H:G2|_|G1=>{d der

dy = [(nl —1)di + m(n2 —1)(d2 + 2d7)]



The Hierarchical Product of Graphs
The hierarchical product

Metric parameters

Mean distance

G graph of order n

Mean distance. dg =

1
Local mean distance. d2 = = E dist (0, v)
n
veV

Proposition

00 _ 0 0
H:G2|_|G1=>{d der

dy = [(nl — l)dl + n1(n2 — 1)(0'2 + 2d0)]
Proof.

Just compute! ]



The Hierarchical Product of Graphs
The hierarchical product
Metric parameters

Corollary

H=GN d=dg, d®=d2
o eccy(0) = Ne, dy = Nd°
ery=r+(N—-1)g, Dy =D+2(N —1)e
o dy=d+2 (W 1) o

nN—1

n

Asymptotically, dy ~ d + 2d° </v — 1) ~ d 4 2Nd°

Example
G=Ky=ec=r=D=1,d"=1/2andd =1
The metric parameters of T, = K3 are

o eccy(0) = m, d,g =m/2

e rm=m, Dp=2m—1

m
o dmzz’"m—2_1—1~m—1
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Algebraic properties

© Algebraic properties
Spectral properties of G ' KJ"
The spectrum of the binary hypertree T, = K"
The spectrum of a generic two-term product G, M Gp
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If A and B are square, A ® B and B ® A are permutation similar



The Hierarchical Product of Graphs
Algebraic properties

Background

Kronecker product A ® B = (a;;B)
If A and B are square, A ® B and B ® A are permutation similar

Lemma
H=GnNG =

A=A 3D1+LRA;I=ZD1RA+A1®Ip

where Dy = diag(1,0,...0)



The Hierarchical Product of Graphs
Algebraic properties

Background

Kronecker product A ® B = (a;;B)
If A and B are square, A ® B and B ® A are permutation similar

Lemma
H=GnNG =

A=A 3D +bAI=ZED1RA +A; R 1>
where D; = diag(1,0,...0)

Example

H=GnNK,, G of order N =
Ac Iy - Iy
Iy 0 - ly
Ap=D1®Ac+Ak @Iy = . .

Iv Iy - 0



The Hierarchical Product of Graphs
Algebraic properties

Theorem (Silvester, 2000)

R commutative subring of F"*", the set of all n X n matrices over
a field F (or a commutative ring), and M € R™*™_ Then,

detr M = det;:(detR M)

Corollary (Silvester, 2000)

M = < é |I:3) > where A, B, C, D commute with each other.
Then,

detM = det(AD — BC)



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G I K2"7

© Algebraic properties
Spectral properties of G 1 KJ"



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G 1 K"

G MK,

Example
The Petersen graph, hierarchically multiplied by K>



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G 1 K"

G MK,

G graph of order n,
A adjacency matrix of G and
¢ characteristic polynomial of G

e The adjacency matrix of H = G M K3 is

A,
m= (15 )

e The characteristic polynomial of H is

bH(x) = det(xlp, — Ay) = det ( xl, — A

_In

= det((x®> — )I, — xA) = x"¢g(x —



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G M Ky"

PH(x) = x"dpg(x — 1)

Proposition
H=GMKyandspG ={\° <AN" <...< A} =

spH = {08 < Agf < ... < gl < AR < AT < ... <MY

where Aoi = fo(\i) = A R )\1, a(A\i) = Arky/ATHA

2



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G M Ky"

OH(X) = x"pe(x — %)
Proposition
H=GMKyandspG ={\° <AN" <...< A} =

spH = {00 < Aof < ... < Agw <A < AT <...< AW
where Mo = fo(\r) = 2R o () = VAL
Proof.

1 1
/\EspH@QSH(/\):)\”qﬁg()\—X):0@)\—XespG

NiespG=XN—-A\A—1=0



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G I K2’"

Ao Ao




The Hierarchical Product of Graphs

Algebraic properties

Spectral properties of G 1 K"

Hp = Hpm—1 M1 Kz, m > 1. The adjacency matrix of H,, is

Imfl

Imfl
0

where |, denotes the identity matrix of size n2™ (the same as A,,)

Ho = G, Ag = A the adjacency matrix of G

Example

/

\’
e
«

J 1

A7

LL LD
(LI



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G M Ky"

Let {pi, gi }i>0 be the family of polynomials satisfying the

recurrence equations
2 2
Pi=Pi1—9qi1
gi = pPi-19i-1
with initial conditions

po=xand gop =1
Proposition

For every m > 0, the characteristic polynomial of Hy, = G 1 KJ" is

)

~—

) = am(x)"n (22

gm(x

~—

Lemma
If p and q are arbitrary polynomials, then

det ( pln —qA —ql,

_ 2 2 .
“al, ol )—det((p q)ls — pqA)



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G I K2"7

Proof of ¢m(x) = gm(x) 0o <meX)).

qm(x)

By induction on m, using the Lemma



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G I K2"7

Proof of ¢m(x) = gm(x) 0o <5:8)
By induction on m, using the Lemma

e Case m = 0. Trivially from go(x) =1 and po(x) = x.



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G M Ky"

Proof of ¢m(x) = gm(x) 0o <pm(X))_

qm(x)
By induction on m, using the Lemma
e Case m = 0. Trivially from go(x) =1 and po(x) = x.
e m > 1. By induction on i, we prove that
¢m = det(pilm—i — GiAm—i)
o i=0: ¢ =det(xl, — Ap) =det(polm — qoAnm)
e i—1=i: ¢n=det(pi—ilmizi — gi—1Am—it1) =
=det((p?_y — g7 )m—i — Pi-1Gi-1Am—i) =
= det(piln—i — giAm—i)



The Hierarchical Product of Graphs
Algebraic properties
Spectral properties of G M Ky"

Proof of ¢m(x) = gm(x)"¢o (pm(x)).

qm(x)
By induction on m, using the Lemma
e Case m = 0. Trivially from go(x) =1 and po(x) = x.
e m > 1. By induction on i, we prove that
¢m = det(pilm—i — qiAm—;)
o i=0: ¢ =det(xl, — Ap) =det(polm — qoAnm)
e i—1=i: ¢n=det(pi—ilmizi — gi—1Am—it1) =
= det((p7_y — G7_)lm—i — Pi—1Gi-1Am—;) =
= det(pilm—i — giAm—i)
e The case i = m gives
Pm(x) = det(pm(x)lo — gm(x)Ao) =

= et (a0(0) (3610~ 40)) =m0 263)
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Algebraic properties
The spectrum of the binary hypertree Tp, = K3

© Algebraic properties

The spectrum of the binary hypertree T, = K"



The Hierarchical Product of Graphs
Algebraic properties

The spectrum of the binary hypertree Tp, = K3

T = K"

Corollary

* ¢7,(x) = pm(x)
° ¢T,¢,(X) = qm(X)

Pi = Pi1 = di
qi = pi-149i-1

Po

XI

g =1



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree Tp, = K3

T = K"

pi = P?q— a7,
qi = Pi-19i-1
po = X, qo =1

Corollary

* O7,(x) = Pm(x)
* o75(x) = am(x)

Proof.
G = Ki = do(x) = x = 67,,(x) = an(x)"d0 (223 ) = pm(x)

qm(x)
Tro=Tn—0=U' Ti = o73(x) = [0 pi(x) = qm(x) [



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree T, = sz

Proposition
Tm, m > 1, has distinct eigenvalues \j' < A" < --- < A"_;, with
n = 2", satisfying the following recurrence relation:

APt P2 44
g"rk - 2

m _ m
)‘n—k—l - *Ak

form>1landk=3,7+1,...,n—1



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree T,, = sz

Proposition
Tm, m > 1, has distinct eigenvalues \j' < A" < --- < A"_;, with
n = 2", satisfying the following recurrence relation:

APt P2 44
g"rk - 2

Ank—1=—A¢
form>1landk=3,7+1,...,n—1

Proof.
: )\Oi - fb()\l) - @' )‘li = f]_()\,) = L\/m

2
e T,, bipartite = its spectrum is symmetric with respect to 0

o spTo = {0'} = the multiplicity of every AT is 1



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree Tp, = K3

Properties of spT,,

N €spG =N —-AA—1=0

ﬁ)(X)_x—\/fﬁ Al = Xt 2><2+4
m=0=spTy = {0}

m=1= X\ =1f(0)=-1, A\ =A(0)=1

m=2=

o = fo(—1) = fo(f(0)) = —1.618 A = fo(1) = f(fi(0)) = —0.618
X2 = fi(~1) = A(5H(0)) = 0.618 A3 = A(1) = A(A(0)) = 1618

m fixed, iIim_l...i1i0€Z£n=>
SN = (s 00 fy 0 )0

m—1



The Hierarchical Product of Graphs
Algebraic properties

The spectrum of the binary hypertree Tp, = K3

The distinct
m=0
m=1

eigenvalues of the hypertree T,, for 0 < m < 6.
m=2




The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree T, = sz

Proposition

The asymptotic behaviors of
o the spectral radius px = maxo<i<n—1{|Nj|} = A111..1,
o the second largest eigenvalue 0, = A111..10, and

e the minimum positive eigenvalue
ok = mino<i<n—1{| A} = A100...0
of the hypertree T,, are:

[)kN\/Z/(. (‘)kfv\/ﬂ, (Tk’vl/\/ﬂ



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree T, = K2'"

Proof of py ~ v2k, Ok ~ 2k, oy ~ 1/+/2k.
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Algebraic properties
The spectrum of the binary hypertree Tp, = K3

Proof of py ~ v2k, Ok ~ 2k, oy ~ 1/+/2k.



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree Tp, = K3

Proof of Pk ~ \/2/(, Qk ~ \/2/(, ) ~ 1/\/2/(

o prox =1
e pi and Oy verify the recurrence

M1 = (M) = (A + /22 + 4)



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of the binary hypertree T, = KQ"’

Proof of Pk ™~ \/2/(7 Hk ~ \/2/(, Ty ~ 1/\/2k

o prox =1

e pi and Oy verify the recurrence

M1 = (M) = (A + /22 + 4)

e Assuming A\ ~ ak”
kP +\/a2k?B 1 4
a(k+ 1) ~ YCHVOHT TS

= a?(k+1)°[(k + 1)25 — K1 ~1

2k + )3k + 1) — kb= 2KTDE

(k+1)7 + k2



The Hierarchical Product of Graphs
Algebraic properties
The spectrum of a generic two-term product Go M Gy

© Algebraic properties

The spectrum of a generic two-term product G, M Gp



The Hierarchical Product of Graphs
Algebraic properties

The spectrum of a generic two-term product Gy M Gy

Theorem

Let Gy and Gy be two graphs on n; vertices, with adjacency matrix
A; and characteristic polynomial ¢;(x), i =1, 2.

Consider the graph G = G — 0, with adjacency matrix A] and
characteristic polynomial ¢7.

Then the characteristic polynomial ¢1(x) of the hierarchical
product H = G, M Gy is:

o) = i) 0n (20

5(%)




The Hierarchical Product of Graphs
Algebraic properties
The spectrum of a generic two-term product Gy M Gy

Proof of ¢n(x) = ¢5(x)™ 2 (Zigw




The Hierarchical Product of Graphs
Algebraic properties
The spectrum of a generic two-term product Gy M Gy

Proof of ¢p(x) = ¢7(x)™ ¢ (”18)
e The adjacency matrix of H is an n; x n; block matrix, with

blocks of size ny x n»

A B
AH=01®A2+A1®12=<B% A*®,2>
1

WhereB:<|2 L@ b 00 - 0)



The Hierarchical Product of Graphs
Algebraic properties

The spectrum of a generic two-term product Gy M Gy

NG

Proof of ¢p(x) = ¢7(x)™ ¢ (("51(X

o5 (x

).

e The adjacency matrix of H is an n; x n; block matrix, with
blocks of size ny x n»

A B
AH:D1®A2+A1®I2:<B% A*®|2>
1

WhereB:<|2 L@ b 00 - 0)

e The characteristic polynomial of H is

l,— A -B
Pr(x) = det(xl — Ay) = det( XiBT 2 (< — A ® 1y )

N>



The Hierarchical Product of Graphs
Algebraic properties

The spectrum of a generic two-term product Gy M Gy

NG

Proof of ¢p(x) = ¢7(x)™ ¢ (("bi(x

o5 (x

).

e The adjacency matrix of H is an n; x n; block matrix, with
blocks of size ny x n»

A B
AH=01®A2+A1®12=< 2 )

N>

B" Ajxl
WhereB:<|2 L@ b 00 - ())
e The characteristic polynomial of H is
X|2 —A2 —-B
= det(xl — Ay) = det
On(x) = det(xl = Ay) = de < BT (x-AD® >

e Computing the determinant in R™2*":

dH(x) = det([xl2 — A2]p1(x)l2 + ¢1(x)l2 — xl207(x)) =
= det(61()1> — 61(x)A2) = det (67(x) |21, — As] ) =

GO =)




The Hierarchical Product of Graphs
Algebraic properties

The spectrum of a generic two-term product Gy M Gy

Corollary

G1 walk-regular = ¢(x) = <¢,1(X))n2 bo (”l?l(x))

m 1(x)

Proof.
¢(x) = =i (x) 0

Corollary
Ggraph of order np = N and characteristic polynomial ¢ = the
characteristic polynomial of H= G K, is

OH(x) = (x+ YYD (x = n+2)Vg <(X i )_(X,,_+nz)+ ”)

Proof.
K, is walk-regular, ¢k, = (x — n+1)(x +1)"~! and
Ple = (x +1)" 1+ (n—1)(x — n 4 1)(x + 1)"2 .



The Hierarchical Product of Graphs
Generalization of the hierarchical product

O Generalization of the hierarchical product



The Hierarchical Product of Graphs
Generalization of the hierarchical product

Definition of the generalized hierarchical product

H = Gy M Gn_1(Un—1) M --- 1 G1(U1) is the graph:
e vertices Vy x --- Vo x V;
e ifxi~yjinGjandujc U;, i =1,2,...,j — 1 then
XN - - .XJ'+1X_,'U_,'_1 coolUp ~ XN .XJ'+1ijj_1 ...
Example
e Foreveryi, Uj=V;,=
Gy Gy_1(Uny_1) TN G (V1) = GyOGy_10---0G;
e Foreveryi, U= {0} =
Gy M GN_1(UN_1) [Tl G1(U1) =GyMNGy_1M---MG



The Hierarchical Product of Graphs
Generalization of the hierarchical product

Example

Two views of a generalized hierarchical product K3 with
U = U, ={0,1}.




The Hierarchical Product of Graphs
Conclusions

Summary
@ Definition of the hierarchical product of graphs
® Spectral properties
©® The particular case of T,,
O Definition of the generalized hierarchical product
Further work

® Tm, spTm and Usp T, are structures with nice properties
m
® Properties of the generalized hierarchical product
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Conclusions
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