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The hierarchical product

Definition and basic properties

Definition

For i = 1,. . . N, Gi graph rooted at 0
H = GN u · · · u G2 u G1

• vertices xN . . . x3x2x1, xi ∈ Vi

• if xj ∼ yj in Gj then
xN . . . xj+1xj0 . . . 0 ∼ xN . . . xj+1yj0 . . . 0

Example

The hierarchical products K2 u K3 and K3 u K2
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The hierarchical product

Definition and basic properties

GN u · · · u G2 u G1 is a spanning subgraph of GN 2 · · · 2 G2 2 G1

Example

The hierarchical product P4 u P3 u P2
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The hierarchical product

Definition and basic properties

GN = Gu N· · · uG is the hierachical N-power of G

Example

The hierarchical powers K 2
2 , K 4

2 and K 5
2
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The hierarchical product

Definition and basic properties

Example

The hierarchical power C 3
4
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The hierarchical product

Definition and basic properties

Order and size

ni = |Vi | and mi = |Ei |
H = GN u · · · u G2 u G1

• nH = nN · · · n3n2n1

• mH =
N∑

k=1

mknk+1 . . . nN

Properties of u

• Associativity. G3 uG2 uG1 = G3 u (G2 uG1) = (G3 uG2)uG1

• Right-distributivity. (G3 ∪ G2) u G1 = (G3 u G1) ∪ (G2 u G1)

• Left-semi-distributivity. G3 u (G2 ∪ G1) = (G3 u G2) ∪ n3G1,
where n3G1 = Kn3 u G1 is n3 copies of G1

• G u K1 = K1 u G = G

(G,u) is a monoid
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The hierarchical product

Vertex hierarchy

Degrees

• If δi = δGi
(0), then

• δG (0) =
N∑

i=1

δi

• x = xNxN−1 . . . xk00 . . . 0, xk 6= 0 ⇒

δH(x) =
k−1∑
i=1

δi + δGk
(xk)

• If G is δ-regular, the degrees of the vertices of GN follow an
exponential distribution, P(k) = γ−k , for some constant γ

For k = 1, . . . ,N − 1, GN contains (n − 1)nN−k vertices with
degree kδ and n vertices with degree Nδ
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The hierarchical product

Vertex hierarchy

Example

Tm = Km
2 has 2m−k vertices of degree k = 1, . . . ,m − 1, and two

vertices of degree m
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The hierarchical product

Vertex hierarchy

Modularity

H = GN u · · · u G2 u G1, z an appropriate string
H〈zxk . . . x1〉 = H[{zxk . . . x1|xi ∈ Vi , 1 ≤ i ≤ k}]
H〈xN . . . xkz〉 = H[{xN . . . xkz|xi ∈ Vi , k ≤ i ≤ N}]
Lemma

• H〈zxk . . . x1〉 = Gk u · · · u G1, for any fixed z

• H〈xN . . . xk0〉 = GN u · · · u Gk

• H〈xN . . . xkz〉 = (nN · · · nk)K1, for any fixed z 6= 0

H∗ = H − 0

Lemma

• (GN u · · · u G2 u G1)
∗ =

⋃N
k=1(G

∗
k u Gk−1 u · · · u G1)

• (KN
2 )∗ =

⋃N−1
k=0 K k

2

• KN
2 − {{0, 10}} = KN−1

2

⋃
KN−1

2
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The hierarchical product

Metric parameters

Eccentricity, radius and diameter

H = GN u · · · u G2 u G1

εi = eccGi
(0), rGN

= rN and DGN
= DN

ρi shortest path routing of Gi , i = 1, . . . ,N

Proposition

• {ρi}i=1...N induce a shortest path routing ρ in H

• The eccentricity, radius and diameter of H are

eccH(0) =
N∑

i=1

εi , rH = rN +
N−1∑
i=1

εi , DH = DN + 2
N−1∑
i=1

εi
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The hierarchical product

Metric parameters

Mean distance

G graph of order n

Mean distance. dG =
1

n(n − 1)

∑
v 6=w∈V

distG (v ,w)

Local mean distance. d0
G =

1

n

∑
v∈V

distG (0, v)

Proposition

H = G2uG1 ⇒
{

d00
H = d0

1 + d0
2

dH = 1
n−1

[
(n1 − 1)d1 + n1(n2 − 1)(d2 + 2d0

1 )
]

Proof.
Just compute!
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The hierarchical product

Metric parameters

Corollary

H = GN , d = dG , d0 = d0
G

• eccN(0) = Nε, d0
N = Nd0

• rN = r + (N − 1)ε, DN = D + 2(N − 1)ε

• dN = d + 2
(

(N−1)nN+1
nN−1

− 1
n−1

)
d0

Asymptotically, dN ∼
N

d + 2d0

(
N − n

n − 1

)
∼
n

d + 2Nd0

Example

G = K2 ⇒ ecc = r = D = 1, d0 = 1/2 and d = 1
The metric parameters of Tm = Km

2 are

• eccm(0) = m, d0
m = m/2

• rm = m, Dm = 2m − 1

• dm = m2m

2m−1 − 1 ∼ m − 1
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The Hierarchical Product of Graphs

Algebraic properties

Background

Kronecker product A⊗ B = (aijB)
If A and B are square, A⊗ B and B⊗ A are permutation similar

Lemma
H = G2 u G1 ⇒

AH = A2 ⊗D1 + I2 ⊗ A1
∼= D1 ⊗ A2 + A1 ⊗ I2

where D1 = diag(1, 0, . . . 0)

Example

H = G u Kn, G of order N ⇒

AH = D1 ⊗ AG + AKn ⊗ IN =


AG IN · · · IN
IN 0 · · · IN
...

...
...

IN IN · · · 0


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Algebraic properties

Theorem (Silvester, 2000)

R commutative subring of F n×n, the set of all n × n matrices over
a field F (or a commutative ring), and M ∈ Rm×m. Then,

detF M = detF (detR M)

Corollary (Silvester, 2000)

M =

(
A B
C D

)
where A, B, C, D commute with each other.

Then,

detM = det(AD− BC)
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Algebraic properties

Spectral properties of G u Km
2

G u K2

Example

The Petersen graph, hierarchically multiplied by K2
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Algebraic properties

Spectral properties of G u Km
2

G u K2

G graph of order n,
A adjacency matrix of G and
φG characteristic polynomial of G

• The adjacency matrix of H = G u K2 is

AH =

(
A In
In 0

)
• The characteristic polynomial of H is

φH(x) = det(xI2n − AH) = det

(
xIn − A −In
−In xIn

)
=

= det((x2 − 1)In − xA) = xnφG (x − 1
x )
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Algebraic properties

Spectral properties of G u Km
2

φH(x) = xnφG (x − 1
x )

Proposition

H = G u K2 and spG = {λm0
0 < λm1

1 < . . . < λmd
d } ⇒

spH = {λm0
00 < λm1

01 < . . . < λmd
0d < λm0

10 < λm1
11 < . . . < λmd

1d }

where λ0i = f0(λi ) =
λi−
√

λ2
i +4

2 , λ1i = f1(λi ) =
λi+
√

λ2
i +4

2

Proof.

λ ∈ spH ⇔ φH(λ) = λnφG (λ− 1

λ
) = 0 ⇔ λ− 1

λ
∈ spG

λi ∈ spG ⇒ λ2 − λiλ− 1 = 0
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Algebraic properties

Spectral properties of G u Km
2

Hm = G u Km
2

Hm = Hm−1 u K2, m ≥ 1. The adjacency matrix of Hm is

Am =

(
Am−1 Im−1

Im−1 0

)
where Im denotes the identity matrix of size n2m (the same as Am)

H0 = G , A0 = A the adjacency matrix of G

Example
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Algebraic properties

Spectral properties of G u Km
2

Let {pi , qi}i≥0 be the family of polynomials satisfying the
recurrence equations

pi = p2
i−1 − q2

i−1

qi = pi−1qi−1

with initial conditions
p0 = x and q0 = 1

Proposition

For every m ≥ 0, the characteristic polynomial of Hm = G u Km
2 is

φm(x) = qm(x)nφ0

(
pm(x)

qm(x)

)

Lemma
If p and q are arbitrary polynomials, then

det
( pIn − qA −qIn

−qIn pIn

)
= det((p2 − q2)In − pqA)
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Algebraic properties

Spectral properties of G u Km
2

Proof of φm(x) = qm(x)nφ0

(
pm(x)
qm(x)

)
.

By induction on m, using the Lemma

• Case m = 0. Trivially from q0(x) = 1 and p0(x) = x .

• m ≥ 1. By induction on i , we prove that
φm = det(pi Im−i − qiAm−i )

• i = 0 : φm = det(xIm − Am) = det(p0Im − q0Am)
• i − 1 ⇒ i : φm = det(pi−1Im−i+1 − qi−1Am−i+1) =

= det((p2
i−1 − q2

i−1)Im−i − pi−1qi−1Am−i ) =

= det(pi Im−i − qiAm−i )

• The case i = m gives
φm(x) = det(pm(x)I0 − qm(x)A0) =

= det
(
qm(x)

(
pm(x)
qm(x) I0 − A0

))
= qm(x)nφ0

(
pm(x)
qm(x)

)
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Algebraic properties

The spectrum of the binary hypertree Tm = Km
2

Tm = Km
2

pi = p2
i−1 − q2

i−1

qi = pi−1qi−1

p0 = x , q0 = 1

Corollary

• φTm(x) = pm(x)

• φT∗
m
(x) = qm(x)

Proof.
G = K1 ⇒ φ0(x) = x ⇒ φTm(x) = qm(x)nφ0

(
pm(x)
qm(x)

)
= pm(x)

T ∗
m = Tm − 0 =

⋃m−1
i=0 Ti ⇒ φT∗

m
(x) =

∏m−1
i=0 pi (x) = qm(x)
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Algebraic properties

The spectrum of the binary hypertree Tm = Km
2

Proposition

Tm, m ≥ 1, has distinct eigenvalues λm
0 < λm

1 < · · · < λm
n−1, with

n = 2m, satisfying the following recurrence relation:

λm
n
2
+k =

λm−1
k +

√
(λm−1

k )2 + 4

2

λm
n−k−1 = −λm

k

for m > 1 and k = n
2 , n

2 + 1, . . . , n − 1

Proof.

• λ0i = f0(λi ) =
λi−
√

λ2
i +4

2 , λ1i = f1(λi ) =
λi+
√

λ2
i +4

2

• Tm bipartite ⇒ its spectrum is symmetric with respect to 0

• spT0 = {01} ⇒ the multiplicity of every λm
1 is 1
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Algebraic properties

The spectrum of the binary hypertree Tm = Km
2

Properties of spTm

λi ∈ spG ⇒ λ2 − λiλ− 1 = 0

f0(x) =
x −

√
x2 + 4

2
f1(x) =

x +
√

x2 + 4

2

m = 0 ⇒ spT0 = {0}

m = 1 ⇒ λ0 = f0(0) = −1, λ1 = f1(0) = 1

m = 2 ⇒
λ0 = f0(−1) = f0(f0(0)) = −1.618 λ1 = f0(1) = f0(f1(0)) = −0.618
λ2 = f1(−1) = f1(f0(0)) = 0.618 λ3 = f1(1) = f1(f1(0)) = 1.618
. . .

m fixed, i = im−1 . . . i1i0 ∈ Zm
2 ⇒

⇒ λi = (fim−1 ◦ · · · ◦ fi1 ◦ fi0)(0)
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Algebraic properties

The spectrum of the binary hypertree Tm = Km
2

The distinct eigenvalues of the hypertree Tm for 0 ≤ m ≤ 6.
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The spectrum of the binary hypertree Tm = Km
2

Proposition

The asymptotic behaviors of

• the spectral radius ρk = max0≤i≤n−1{|λi|} = λ111...1,

• the second largest eigenvalue θk = λ111...10, and

• the minimum positive eigenvalue
σk = min0≤i≤n−1{|λi|} = λ100...0

of the hypertree Tm are:

ρk ∼
√

2k, θk ∼
√

2k, σk ∼ 1/
√

2k
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The spectrum of the binary hypertree Tm = Km
2

Proof of ρk ∼
√

2k , θk ∼
√

2k , σk ∼ 1/
√

2k .

• ρkσk = 1

• ρk and θk verify the recurrence

λk+1 = f1(λk) = 1
2(λk +

√
λ2

k + 4)

• Assuming λk ∼ αkβ

α(k + 1)β ∼ αkβ +
√

α2k2β + 4

2
⇒

⇒ α2(k + 1)β[(k + 1)β − kβ] ∼ 1

2(k + 1)
1
2 [(k + 1)

1
2 − k

1
2 ] =

2(k + 1)
1
2

(k + 1)
1
2 + k

1
2

→ 1
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Algebraic properties

The spectrum of a generic two-term product G2 u G1

1 Introduction

2 The hierarchical product
Definition and basic properties
Vertex hierarchy
Metric parameters

3 Algebraic properties
Spectral properties of G u Km

2

The spectrum of the binary hypertree Tm = Km
2

The spectrum of a generic two-term product G2 u G1

4 Generalization of the hierarchical product

5 Conclusions
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Algebraic properties

The spectrum of a generic two-term product G2 u G1

Theorem
Let G1 and G2 be two graphs on ni vertices, with adjacency matrix
Ai and characteristic polynomial φi (x), i = 1, 2.
Consider the graph G ∗

1 = G1 − 0, with adjacency matrix A∗1 and
characteristic polynomial φ∗1.
Then the characteristic polynomial φH(x) of the hierarchical
product H = G2 u G1 is:

φH(x) = φ∗1(x)n2φ2

(
φ1(x)

φ∗1(x)

)
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Algebraic properties

The spectrum of a generic two-term product G2 u G1

Proof of φH(x) = φ∗1(x)n2φ2

(
φ1(x)
φ∗1 (x)

)
.

• The adjacency matrix of H is an n1 × n1 block matrix, with
blocks of size n2 × n2

AH = D1 ⊗ A2 + A1 ⊗ I2 =

(
A2 B
B> A∗1 ⊗ I2

)
where B =

(
I2

(δ)
· · · · · · I2 0 0 · · · · · · 0

)
• The characteristic polynomial of H is

φH(x) = det(xI− AH) = det

(
xI2 − A2 −B
−B> (xI∗1 − A∗1)⊗ I2

)
• Computing the determinant in Rn2×n2 :

φH(x) = det([xI2 − A2]φ
∗
1(x)I2 + φ1(x)I2 − xI2φ∗1(x)) =

= det(φ1(x)I2 − φ∗1(x)A2) = det
(
φ∗1(x)

[
φ1(x)
φ∗1 (x) I2 − A2

])
=

= φ∗1(x)n2φ2

(
φ1(x)
φ∗1 (x)

)
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Corollary

G1 walk-regular ⇒ φH(x) =

(
φ′1(x)

n1

)n2

φ2

(
n1φ1(x)

φ′1(x)

)
Proof.
φ∗1(x) = 1

n1
φ′1(x)

Corollary

Ggraph of order n2 = N and characteristic polynomial φG ⇒ the
characteristic polynomial of H = G u Kn is

φH(x) = (x + 1)N(n−2)(x − n + 2)NφG

(
(x + 1)(x − n + 1)

(x − n + 2)

)
Proof.
Kn is walk-regular, φKn = (x − n + 1)(x + 1)n−1 and
φ′Kn

= (x + 1)n−1 + (n − 1)(x − n + 1)(x + 1)n−2
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Generalization of the hierarchical product

Definition of the generalized hierarchical product

Gi = (Vi ,Ei ), ∅ 6= Ui ⊆ Vi , i = 1, 2, . . . ,N − 1

H = GN u GN−1(UN−1) u · · · u G1(U1) is the graph:

• vertices VN × · · ·V2 × V1

• if xj ∼ yj in Gj and ui ∈ Ui , i = 1, 2, . . . , j − 1 then
xN . . . xj+1xjuj−1 . . . u1 ∼ xN . . . xj+1yjuj−1 . . . u1

Example

• For every i , Ui = Vi ⇒
GN u GN−1(UN−1) u · · · u G1(U1) = GN2GN−12 · · ·2G1

• For every i , Ui = {0} ⇒
GN u GN−1(UN−1) u · · · u G1(U1) = GN u GN−1 u · · · u G1
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Generalization of the hierarchical product

Example

Two views of a generalized hierarchical product K 3
3 with

U1 = U2 = {0, 1}.
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Conclusions

Summary

1 Definition of the hierarchical product of graphs

2 Spectral properties

3 The particular case of Tm

4 Definition of the generalized hierarchical product

Further work

5 Tm, spTm and
⋃
m

spTm are structures with nice properties

6 Properties of the generalized hierarchical product
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Conclusions

Thank you !!!
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